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1. 1. Proportional Logic
Proposition:

A proposition (or statement) is a declarative sentence which is either true or false

but not both.

Notations:

If a proposition is true then it’s truth value is denoted by T.
If a proposition is false then it’s truth value is denoted by F.
P,Q,R,S, ... areused to denote propositions.
Connectives:

Connective is an operation which is used to connect two or more than two
statements. Simply it is called sentential connectives. It is also known as Logical

Connectives or Logical Operators.

Compound Statement:

Statements which contain one or more primary statements and some connectives

are called compound or molecular or composite statements.

Example:

Letp:5 + 10 = 20 be the statement
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—p: Itis false that 5 + 10 = 20

Hence —p is a compound statement with primary statement as p and connective as
—p

Five Basic Connectives

Logical Name Symbols Type of
Connectives Operator
1 Not Negation = Unary
2 And Conjunction A Binary
3 Or Disjunction v Binary
4 If...then Conditional (or) Implication - Binary
5 If and only if (iff) | Biconditional — (or) = |Binary

Statement Formula:

A statement formula is an expression which is a string consisting of variables

(capital letters with or without subscripts), parenthesis and connective symbols.
Truth Tables:

The truth value of proposition is either true (T) or false (F).
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A truth table is a table that shows the truth value of a compound proposition for all

possible cases.
Negation:

If a statement is TRUE, then its negation is FALSE. (And if a statement is

FALSE, then its negation is TRUE).

P —p
T F
F T

Conjunction:
A conjunction is a compound statement formed by joining two statements with the

connector AND. The conjunction “p and q” is symbolized by p, q.

P Q PAQ
T T T
T F F
F T F
F F F
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Disjunction:

A conjunction is a compound statement formed by joining two statements with the

connector OR. The disjunction “p or q” is symbolized by p, q. A disjunction is

FALSE if and only if (iff) both statements are FALSE; otherwise it is TRUE.

P Q PvQ
T T
T F
F T
F F
Conditional:

A conditional statement, symbolized by p — q is an if — then statement in which p

1s a hypothesis and q is a conclusion. The logical connector in a conditional

statement 1s denoted by the symbol. The conditional is defined to be TRUE unless

a TRUE hypothesis leads to a FALSE conclusion.

P Q P-Q
T T
T F
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F T T
F F T
Bi conditional:

A bi -conditional statement is defined to be TRUE whenever both parts have the
same truth value. The bi-conditional operator is denoted by a double — headed
arrow. The bi-conditional pe g represents “p if and only if”, where p is a

hypothesis and q is a conclusion.

P Q P—Q
T T T
T F F
F T F
F F T

Problems under logical connectives

1.Write the following statements in symbolic form, “If either S.Pavithra takes

calculus or S. Sharnika takes sociology, then Malathy will take English.

Solution:
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P: S.Pavithra takes calculus.
Q: S.Sharnika takes sociology.
R: Malathy takes English.
=~ The logical expressionis (P v Q) - R

2. S. Pavithra can accesses the internet from campus only if she is a computer

science major or she is not a fresh girl.
Solution:
P: S. Pavithra can accesses the internet from campus.
Q: S. Pavithra is a computer science major.
R: S. Pavithra is a fresh girl.
—P: S. Pavithra is not a fresh girl.
=~ The logical expression isP — (Q Vv —=R)
3. How can this English sentence be translated into logical expression.

“You can access the internet from campus only if you are computer science

major or you are not a freshman”.
Solution:
P: You can access the internet from campus.
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Q: You are computer science major.

R: You are a freshman.

—R: you are not a freshman.

= The logical expression isP = (Q V =R)

4. Write the logical expression for “If tigers have wings then the earth travels

round the sun.”

Solution:

P: Tigers have wings. (F)

Q: Earth travels round the sun. (F)

The logical expression is P = Q (T)

5. Construct the truth table for a)= (PA Q) and b) (=P)V (=Q)

Solution:

Toprove - (PAQ) and (—=P)V (=Q)

P Q (PAQ) | = (PAQ)
T T T F
T F F T
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F T F T
F F F T

P Q =P |=Q (=P) v (-Q)
T |7 F F F

T F F T T

F T T F T

F F T T T

6. Construct the truth table for (P v Q) v =Q.

Solution:
P Q PvQ |=Q (PvQ)Vv =0Q.
T T T F T
T F T T T
F T T F T
F F F T T

7. Construct the truth table for — (=P v =Q).
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Solution:
P Q —-P —|Q —P Vv —|Q —|(—|P V —|Q)
T T F F F T
T F F T T F
F T T F T F
F F T T T F
8. Construct the truth table for S: (PAQ) vV (=PAQ) Vv (PA =Q)
Solution:
P Q PA Q —-P —|Q —|P/\Q PA —|Q (—|P/\Q) \V (P/\ —|Q) S
T |T |T F F F F F T
T |F F F T F T T T
F |T |F T F T F T T
F F F T T F F F F

9. Construct the truth table for i) R: =(=P Vv =Q). ii) =(=P A =Q).

Solution:

Q

~P

—-P Vv =Q

—-P A=Q R S
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T [T |F F F F T T
T |F F [T |7 F F T
F [T |7 [F T F F T
F F T |7 T T F F

10. Construct the truth table for (P -Q) A (Q— P).

Solution:
P [Q  [PoQ [QoP [(P-QAWQ-P)
T T T T T
T F F T F
F T T F F
F F T T T
Tautology:

A Tautology is a statement that is always TRUE, no matter what. If you construct a
truth table for a statement and all the column values for the statement are TRUE,
then the statement is a Tautology because it’s always TRUE.

Contradiction:

A statement that is always FALSE is known as a Contradiction.
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i.e, The last column values contains all FALSE values.

Results:

Tautology

Contradiction

In the result column all the entries are T

In the result column all the entries are F

T F
T F
T F
T F

Problems under Tautology and contradiction

1.Show that the proposition P v = (P A Q) is a tautology.

Solution:

P Q PAQ |- (PAQ) Pv-(PAQ)
T T T F T

T F F T T

F T F T T

F F F T T

2.Show that (Q VvV (PA =Q)) v (=P A =Q) is a tautology.

MAS8351 DISCRETE MATHEMATICS




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Solution:

LetS=(QV (PA =Q))V (=P A =Q)

P [Q [=P [-Q [PA=Q [-PA=Q |QV(PA-Q) |S
T |T |[F |F |F F T T
T |[F [F [T [T F T T
F [T |T |F |F F T T
F [F [T [T |F T F T

3. Show that =P — (P —Q) is a tautology.

Solution:
P |Q -P |P-Q |=P->(P-Q)
T |T F T T
T |F F F T
F T T T T
F |F T T T

4. Show that (P A Q) A = (P v Q) is a contradiction.

Solution:
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P (@ [PAQ [PVQ [-PVQ [PAQA=(PVQ)
T T T T F F
T F F T F F
F T F T F F
F F F F T F
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1. 2. Propositional Equivalences

Logical Equivalences or Equivalence Rules

Laws Formulae
Idempotent Laws PADPES DP,PVDESDP
Associative Laws wA@ATrESpA(QAT)

wvgevrepv(@Vvr)

Commutative Laws PAQ S qAD
pVp<qVp
DeMorgan’s Laws —(pAq) © (=pVq)

—(pVvaq) © (=pA-q)

Distributive Laws pA(@vr) e (pAg)V(pAT)

pv@Aar) e (pvg ApVvr)

Complement Laws pA-peS F,pv-pesT

Dominance Laws pVT T, pANF & F

Identity Laws pANT oppVF &p

Absorption Laws pv(iprg) ©p
pA(pVa op

Double Negation Laws -(—=p)ep

Contra Positive Laws p—=>qeaq—p
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Conditional as Disjunction p—o>qe-pVg
Biconditional as Conditional po>qge (p->q)A(Q - Dp)
Exportations laws po>(@->r)eomAg)->r

1.Determine whether (=Q A (P »Q)) — =P is a tautology.

Solution:

(=QA (P -Q)) > =P Reason

= (=Q A (=P VQ)) V —P P->Q&e -PV(Q
= 2(=Q A (=PVQ)) V —P P>Qe -PV(Q
=>(QV (PA=Q)) V —P (DeMorgan’s law)
= ((QVP) A (QV-=Q)) VvV =P (Distributive law)
> ((QVP) AT)V =P PvaP&oT
= (QVP) Vv P PAT &P
= (QVPV =P) (Associative law)
=@QVvT) PV-P&oT
=T PVT T

2. Show that the formula Q v (P A =Q) vV (=P A =Q) is a tautology.
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Solution:
QV((PA=Q)V(=PA=Q) Reason
=>QV(PV-aP)AAQ (Distributive law)
=>(QV (PVv=aP)) VvV (QV-0Q) (Distributive law)
=QVT)AT PV-P&T
=>TAT PVvT P

3. Show that the formula (P A Q) —» (P Vv Q) is a tautology.

Solution:
(PAQ) > (PVQ) Reason
= a(PAQ)V(PVQ) P->Q&e -PVQ
= (=P V-=Q) V (PV Q) (DeMorgan’s law)
=> (PVv-P)Vv (QV-Q) (Associative law)
>TVvT=T (Negation law)

4. Show that the formula (=P A(=Q AR))V(QAR)V (PAR) & R

Solution:
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(=PA(=QAR)V(QAR)V(PAR) Reason
= (4P A(=QAR))V((QVP)AR) (Distributive law)
= ((«PA=Q) ARV ((QVP)AR) (Associative law)

= [(PV=0Q)V (QVP)] AR (Distributive law)

> [-(PvQ)Vv (PVQ)]AR (DeMorgan’s law)

S TAR PVAaPoT
SR PAT P
Equivalence

Two statement formulas A and B are equivalent iff A & B or A < B is a tautology.

It is denoted by the symbol A < B which is read as “A is equivalent to B.”

Remark:

To prove two statement formulas A and B are equivalent, we can use any one of

the following method:

(1) using Truth Table, we show that truth values of both statements formulas A and

B are same for each 2™ combinations.

(i1) Assume A. By applying various equivalence rules try to derive B and vice

Versa.
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(iii) Prove A < B is a tautology.

1. Show that —(P v (=P A Q)) & —~P A —Q are logically equivalent.

Solution:
=(PVv (=P AQ)) Reason
& =P A(=(=PA=Q)) (DeMorgan’s law)
& =P A [=(=P) v =0] (DeMorgan’s law)
& aPA(PVAQ) (Double Negation law)
& (4P AP)V (=P A =Q) (Distributive law)
S FV (APA=Q) -PAPSF
& (wPA=Q)VF (Commutative law)
& =P A=Q (identity law)

Hence =(P v (=P A Q)) & —P A —Q are logically equivalent.

2.ProvethatP - Q& P> (PAQ)

Solution:

P->(PAQ) Reason
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& PV (PAQ) (Conditional as disjunction)
S (APVP)A(RPAQ) (Distributive law)
STAPAQ) —PAPSF
& aPAQ (Identity law)

&P-Q (Conditional as disjunction)

3.Provethat (P> R)A (Q—>R) < (PVQ) - R

Solution:
(P->R)A(Q-R) Reason
S (APAR)AN (HQAR) (Conditional as disjunction)
& (@PA-Q)VR (Distributive law)
& a(PVQ)VR (DeMorgan’s law)
© (PVvQ)—>R (Conditional as disjunction)

4,ProvethatP-> (Q- R)= (PAQ) >R

Solution:
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P- (@-R) Reason

& PV (Q - R) (Conditional as disjunction)
< PV (=Q VR) (Conditional as disjunction)
& a(=PVAQ)VR (Associative law)

© —-(PAQ)VR (DeMorgan’s law)

e (PAQ) >R (Conditional as disjunction)
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1. 3. Quantifiers
Normal Forms
Elementary Product

A product of the statement variables and their negations in the formula is called

Elementary Product.

The possible elementary products are
P,Q,-PAQ,-QAP,PA=P,QA=Q,PA=PAQ
Elementary Sum

A sum of the two statement variables and their negations is called Elementary

Sum.

The possible elementary sums are
P,Q,-PVvQ,-QVP,PV-PVQPVQ
Disjunctive Normal Forms (DNF)

A statement formula which is equivalent to a given formula and which consists of
a sum of elementary products is called a disjunctive normal form of the given

formula,

DNF = (Elementary product) v (Elementary product) v . .. v (Elementary product)
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Conjunctive Normal Forms (DNF)

A statement formula which is equivalent to a given formula and which consists of

a sum of elementary products is called a disjunctive normal form of the given

formula,

DNF = (Elementary product) v (Elementary product) v . .. Vv (Elementary product)

Remark:

(i) Note that DNF and CNF of given statement formula need not be unique.

(if) In DNF and CNF, the number of variables in each term need not be same.

1. Obtain a disjunctive Normal form P A (P — Q)

Solution:

PA(P - Q)

Reason

= PA (=PVQ)

= (PA-P)V(PAQ)

(P->Q=-PVQ)

(Distributive law)

Since the given statement formula is written in terms of sum of elementary

product.
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DNFof PA (P = Q) is (P A=P) V (P A Q)

2. ObtainDNF of -(PV Q) = (PAQ)

Solution:
-(PvQ)=(PAQ) Reason
= [A(PVQ)A(PAQ)] (R=2Se (RAS)V (=R AAS))

VPV AP AQ]
= (PA=QAPAQ)VI[(PVQ)A(=PV | (DeMorgan’s law & Associative law)
=Q)]
= (=PA=QAPAQ)V[PA(=PV-Q)V | (Distributive law)
(QA =PV -Q)]
S (PAQA-PA-Q)V(PA-P)v (P | (Distributivelaw)

=Q)V(QA=P)V(QA=Q)

Which is the required DNF.
Principal Normal Forms:
Min terms:

Let P and Q be 2 statement variables. Let us construct all possible formulas which

consist of conjunction of P or its negation and conjunction of Q or its negation.
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None of the formulas should contain both a variable and its negation. Using
commutative law, if any two terms are equivalent choose any one of the term.

Collect the remaining terms. They are called minterms.

For example, let P and Q be two variables, then the minterms are
PAQ,PA-Q,~PAQ,~PA-Q

Remark: 1

1. If there are “n” variables then the number of minterms is 2™.

2. In elementary product a variable and its negation exist. But in minterms such

things does not exist.

3. Let P, Q and R be 3 variables. The possible minterms are
1.PAQAR

2.PAQ AR

3.PA=Q AR

4, -PAQ AR

5. 2P A=Q AR

6. =P AQ A =R

7.PA=QA=R

MAS8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

8. - PA=Q A-=R

Max terms:

Let P and Q be 2 statement variables. Let us construct all possible conjunction of
disjunction P or its negation and Q or its negation. None of the formulas should
contain both a variable and its negation. Using commutative law, if any two terms
are equivalent choose any one of the term. Collect the remaining terms. They are

called maxterms.

The possible maxterms with 2 variables are

PvQ,PV-=Q,-PVQ—-PV-=Q

Principal Disjunctive Normal Forms (PDNF)

For a given statement formula, an equivalent formula consisting of disjunction of

minterms only is known as its Principal Disjunctive Normal Forms (PDNF)

PDNF = (minterms) v (minterms) Vv . .. vV (minterms)

Principal Conjunctive Normal Forms (PCNF)

For a given statement formula, an equivalent formula consisting of conjunction of

maxterms only is known as its Principal Conjunctive Normal Forms (PCNF)

PCNF = (maxterms) A (maxterms) A ... A (maxterms)
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Note:

1. PDNF is also called sum —of — products canonical form. PCNF is also called

product — of — sums canonical form.

2. PDNF and PCNF of a given statement formula need not be unique.

PDNF and PCNF using Truth table

Using truth table, we can easily find PDNF and PCNF of given statement formulas.
Working rule to find PDNF:

1. Construct truth table for the given statement formula.

2. Choose each and every row in which the final column value is “TRUE”

3. In the selected row, if the truth value of each individual variable value is TRUE
select that variable and truth value is FALSE then select the negation of that

variable. In such a way collect all possible minterms.

4. Sum of all minterms gives the required PDNF.
Working rule to find PCNF:

1. Construct truth table for the given statement formula.

2. Choose each and every row in which the final column value is “FALSE”
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3. In the selected row, if the truth value of each individual variable value is FALSE
select that variable and truth value is TRUE then select the negation of that

variable. In such a way collect all possible maxterms.
4. Product of all maxterms gives the required PCNF.
Problems under PDNF and PCNF using Truth table

1. Obtain PDNF of P - Q

Solution:

P Q P-Q Min term

T T T PAQ
T F F -

F T T —-PAQ
F F T -P A=Q

2. Obtain the PDNF of (PAQ)V(=PAR)V(QAR)

Solution:
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P 1Q |R |[PAQ| -PAR |QAR | (PAQ)V (APAR) Min term
V(QAR)

T T|T T F T T PAQAR

T[T |F|T F F T PAQA=R

T | F |[T|F F F F

T |F |[F |F F F F

F [T [T |F T T T —~PAQAR

F|T |F |F F F F

FIF [T [F T F T —P A=Q AR

F [F |[F |F F F F

The PDNFis(PAQAR)V(PAQA-R)V(=PAQAR)V(=PA-QAR)

3. Find the PCNF and PDNF of the proposition P A (Q —» R)

Solution:

P Q R Q>R | PA(Q - R) | Minterm Max term

T T T T F PVQVR
T T F T F PVQV-R
T F T F F PV-QVR
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T F F [T F PV-QV=R
F T T |7 T PA—-QA-R

F T F T T PA=QAR

F F T |F F ~PV-QVR
F F F [T T PAQAR

The PDNFis(PA=QA=-R)V(PA-QAR)V(PAQAR)

The PCNFis(PVQVR)A(PVQV-R)A(PV-QVR)A(PV-QV-R)A

(=PV-aQVR)

4. Find the Principal Conjunctive normal form of (P AA) A (=P A R)

Solution:

P I1Q R —P| PAQ | -PAR | (PAQ)V (=P AR) | Minterm

T T |T F T F T

T T |F |F T F T

T |F |T F F F F -PVQV-R
T |F |F F F F F -PVQVR
F T |T |T F T T

F |T |F T F F F PV-QVR
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The required PCNFis (-PVQV-R)A(=PVQVR)A(PV-QVR)
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The Theory of Inference

The main aim of logic is to provide rules of inference, or principles of reasoning.

Here, we are concerned with the inferring of a conclusion from given premises.

We are going to check the logical validity of the conclusion, from the given set of
premises by making use of Equivalence rule and implication rule, the theory

associated with such things is called inference theory.
Direct Method

When a conclusion is derived from a set of premises by using the accepted rules of

reasoning, then such a process of derivation is called a direct proof.
Indirect method of proof:

(i) Method of Contradiction:

In order to show that a conclusion C follows logically from the premises

Hy, H,,...,H,, we assume that C is false and consider —=C as an additional
premises. If the new set of premises gives contradict value, then the assumption

—C is true does not hold simultaneously with H; A H, A ... A Hp,.

Therefore, C is true whenever H; A H,,A... A H,, ids true. Thus C follows

logically from the premises H,, H,,...,H,,.
(it) Method of contrapositive:
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In order to prove H; A H,,A... A H,, = C, if we prove

-C = =(H, A H,A... A Hy,) then the original problem follows. This method is

called contrapositive method.
Rules of Inference
Rule P: A premise may be introduced at any point in the derivation.

Rule T: A formula S may be introduced at any point in a derivation if S is

tautologically implied by any one or more of the preceding formulas.

Rule CP: If S can be derived from R and set of premises, then R — S can be

derived from the set of premises alone.

Remark:

(i) Rule CP means Rule of Conditional Proof.
(if) Rule CP is also called the deduction theorem.

Implication Rule:

P,P->Q=20Q Modus Phones
-Q,P - Q> =P Modus Tollens
-P,PVQ=¢Q Disjunctive syllogism
P-Q,Q > R=P—->R Hypothetical syllogism (or) chain rule
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P,Q=>PAQ Simplification rule
P,Q=>PVQ Addition rule
PA =Q=-=(P-0Q) Equivalence rule

Note:

In the derivation, we should use all the rules but exactly once. Also, the order is

immaterial.

1.Demonstrate that R is a valid inference from the premises P - Q,Q —

R&P
Solution:
{1} 1)P - Q Rule P
{2} 2)Q - R Rule P
{1, 2} 3)P - R RuleT(P->Q,0 >R =P —>R)
{4} 4)P Rule P
{1,2,4} |5)R Rule T (P,P - Q = Q)

2. Show that —P follows logically from the premises =(P A =Q), (=Q V

R) &R
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Solution:
Given premises are =(P A =Q),(=Q VR),—R

Conclusion: &—R

(1} 1)=(P A =Q) Rule P
2} 2))=P V Q Rule T (Demorgan’s law)
{1} 3)P - Q Rule T (P - Q & —PVR)
{4} 4)-Q VR Rule P
{4} 50 - R RuleT(P->Q & —-PVR)
(1,4} 6) P - R RueT(P>0Q,0 > R=P >R)

(73 7) =R Rule P

{1,4,7} 8) =P Rule T =Q,P » Q = =P

Consistency and Inconsistency of Premises

A set of formulae H,, H,, ..., H,, is said to be inconsistent if their conjunction

implies contradiction.

le., HH AH, A...A H,, = R A =R for some formulae R.

Note:RA—-R © F

Consistent:
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A set of formulae Hy, H, ..., H,, is said to be consistent if their conjunction

implies tautology.

Inconsistent:

A set of formula H4, H,, ..., H,,, 1s said to be consistent if it is not inconsistent.

1.Show that P - Q,P — R,Q —» —R & P are inconsistent.

Solution:
{1} 1)P - Q Rule P
{2} 2)Q - =R Rule P
(1,2} 3)P > =R Rule T
(4} 4P Rule P
{1,2,4} |5)=R Rule T
{6} 6)P - R Rule P
(1,2,4,6} |7)-P Rule T
{1,2,4,6} |8)PA—=P Rule T

Which is nothing but false value.

Hence given set of premises are inconsistent.

2.Provethat P - Q,Q —» R,S —» =R & PA\S are inconsistent.
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Solution:
{1} 1)P - Q Rule P
{2} 2)Q >R Rule P
{1, 2} 3)P - R Rule T
{4} 4)S - —R Rule P
{4} 5)R — =S Rule T
{1,2,4} 6)P — S Rule T
{1,2,4} 7)—PV S Rule T
{1,2,4} 8)~(P AS) Rule T
{9} NP AS Rule P
{1,2,4,9} |10)(PAS)A-(PAS) |RuleT

Which is nothing but false value.

Hence given set of premises are inconsistent.

3. Prove thata —» (b - ¢),d - (b A =c), & a A d are inconsistent.

Solution:
{1} Dand Rule P
{1} 2)a,d Rule T
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{3} 3)a— (b - c) Rule P
{1, 3} 4)b - ¢ Rule T
{1, 3} 5)-bVc Rule T

{6} 6)d = (b A —c) Rule P

{6} 7)=(b A=c) » —d Rule T

{6} 8))-abVc - —d Rule T

{1,3,6} 9) -d Rule T
{1,3,6} 10)d A =d Rule T

Which is nothing but false value.

Hence given set of premises are inconsistent.
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1.6 The Predicate Calculus

The predicate calculus deals with the study of predicates.
Consider the following statement.

“Ram is a boy”

In the above statement, “is a boy” is the predicate and the name “Ram” is the

subject.

If we denote “is a boy” by B and subject “Ram” by r, then the statement “Ram is

a boy” can be represented as B(r).

Some examples

1. x is a man”

Here, Predicate is “is a man” and it is denoted by M. Subject is “x” and it is

denoted by x.

Hence the given statement “x is a man” can be denoted by M(x).

2. “Sam is poor and Ram is intelligent”

The statement “Sam is poor” can be represented by P(s) where P represents

predicate “is poor” and s represents subject “Sam”
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The statement “Ram is intelligent” can be represented by I(r) where I represents

predicate “is intelligent” and r represents subject “Ram”.

Hence the given statement “Sam is poor and Ram is intelligent” can be

symbolized as P(s) A I(r).

The Theory of Inference for Predicate Calculus
Universal Specification (UG): A(y) = (x)A(x)
Existential Generalization (EG): A(y) = (3x)A(x)
Universal Specification (US): (x)A(x) = A(y)
Existential Specification (ES): (3x)A(x) = A(y)
Problems:

1.Show that (x)(H(x) » M(x)) AH(s) = M(s)

Solution:
{1} 1) (x)(H(x) » M(x)) |RuleP
{1} 2)H(s) - M(s) Rule US
{3} 3H(s) Rule P
{1,3} 4M(s) RuleT (P,P - Q = Q)
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2. Show that (x) (P(x) - Q(x)) A ()(Q(x) » R(x)) = (x)(P(x) > R(x))

Solution:
{1} 1) (x)(P(x) - Q(x)) Rule P
{13  |2P(y) » Q) Rule US
{3} 3()(Qkx) » R(x)) Rule P
{1,3} |49k - R(y) Rule US
{1,3} |9 P)->R®Y) RuleT (P> Q,Q > R=P —>R)
{1,3} |6)()(P(x) > R(x)) Rule UG

3. Show that (3x)(P(x) A Q(x)) = (3x)P(x) A (3x)Q(x)

Solution:
{1} 1) @x)(P(x) AQ(x)) |RuleP
{13  [2PO)AQL) Rule ES
3} |3P() Rule T(PAQ = P)
{1,3} |90k Rule T (PAQ = P)
(1,3} |5 @x)P(x) Rule EG
(1,3} |6)@x)Qx) Rule EG
{1} | 7N@Ex)PK)A@EX)Q(x) |RuleT(P,Q=PAQ)
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4.Show that (x)(P(x) v Q(x)) = (x)P(x) v (3x)Q(x)

Solution:

We shall use the indirect method of proof.

Method of contradiction:

Assume —((x)P(x) v (3x)Q(x)) as an additional premises.

{13 |1 =()PE) VEXNQX) Assumed Premises

1} [2) @x)-P(x) A ®)Q(x) Rule T (D’Morgan’s law)
1} [3)@Ex)-Pk) Rule T (PAQ = P)

{1} |4 ek Rule T(PAQ = P)

{13 |5 =P Rule ES

{1} 6)=0) Rule US

{13 |7 -POIA=Q() Rule T(P,Q = P A Q)
{13 [8)=(PO»HVAW) Rule T (D’Morgan’s law)
{13 {9 (P VX)) Rule P

{13 |[100P(»)Ve®) Rule US

1}

1) (P VW) A=(PO) VQR(Y))

Rule T(P,Q = P AQ)
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which is nothing but false value.

5.Show that (x)(P(x) » Q(x)) = (x)P(x) » (x)Q(x)

Solution:

Assume —~((x)P(x) - (x)Q(x))

{13 1) =()PE) > (0)Q(X)) Assumed Premises
{1} |2) G)P(x) A ~2(x)Q(x) Rule T(P - Q= =PVQ)
(1} [3))Px) Rule T (PAQ = P)
1 |9 -(e™) Rule T (PAQ = P)
{1} |5 @Ex)-QK) Rule T(Taking — )
{13 |[6)P@y) Rule US
{13 7= Rule ES
{13 [8POIA-QY) Rule T (P,Q = PAQ)
9y |9)-(PO» - Qo) Rule T((P A =Q) & (P~ Q)
{9} 10) @0)=(P(x) - Q(x)) Rule EG
{1,9) |11) =((x)P(x) -» Q(x)) Rule T(Taking — )
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2.1 Mathematical induction:

Statement of the principle of Mathematical Induction
Let P(n)be statement involving the natural number “n”.
IfP(1) is true.

Under the assumption that when P(k) is true, P(k+1) is true, then we conclude that

[ ”

a statement P(n) is true for all natural number “n".

Steps to prove that a statement P(n) is true for all natural numbers
Step:1 We must prove that P(1) is true.

Step:2 By assuming P(k) is true, we must prove that P(k+1) is also true.
NOTE:

Step:1 is known as the basic step.

Step:2 is known as inductive step.

Problems on Mathematical Induction:

1. Showthat1 + 2+...4n = "(";1) using mathematical induction.

Solution:

Let S be the set of positive integers.
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To prove p(1) is true.

Whenn = 1

nn+1)  1(1+1)

RHS = =1=LHS

Hence p(1) is true.

Assume that p(k) is true.

14 24...+k = k(k2+1) ()

To prove p(k + 1) is true.

Adding k + 1 on both sides

= 1424 .. +k + (k + 1) = LD
_ k(k+1)

> + (k+1)

_k(k+1)+2(k+1)
B 2

B (k+1)(k+2)
B 2

Hence p(k + 1) is true.

n(n+1)(2n+1)
6

2. Show that 12 + 22 + 32+ ...+ n?2 =
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Solution:
Let S be the set of positive integers.
To prove p(1) is true.

Whenn = 1

n(n+1)(2n+1) _ 1(1+1)(2+1)

RHS = =1=LHS

Hence p(1) is true.

Assume that p(k) is true.

k(k+1)(2k+1)
6

12422 +3%+...+k?= (1)

To prove p(k + 1) is true.

(k+1)(k+2)(2k+3)
6

12422 +3%+ ... +k2+(k+1)?% =

Adding (k + 1)2on both sides

=12 +22 4+ 324 ...+ k% + (k + 1)? =W+(k+1)2
= (e + D[22 4 (ke + 1)
(k+1)

[k2Qk +1) + 6(k + 1)]

(k“) [2k2 + k + 6k + 6]

MAB8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

("‘;” [2k? + Tk + 6]

(k+1) [

2k? + 4k + 3k + 6]

(k+1)

[2k(k + 2) + 3(k + 2)]

(k+1)

[(k +2) + (2k + 3)]

Hence p(k + 1) is true.

n2(n+1)>2

3.Showthat 13+ 23 + 33+...4+n3 = "

Solution:
Let S be the set of positive integers.
To prove p(1) is true.

Whenn = 1

nf(n+1)? _ 12(1+1)?

RHS = =1=LHS

Hence p(1) is true.

Assume that p(k) is true.

k2 (k+1)?

13+ 23 +334...+k3 = ?

()
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To prove p(k + 1) is true.

134+ 2% + 334+ + (k + 1)% = L 02?
4
Adding (k + 1)3on both sides

=13 4+23433+. . +k3+(k+1)3 = w+(k+1)3

_ k2(k+1)2+4(k+1)3
- 4

(k“) [k? + 4(k + 1)]
(kzl) [k? + 4k + 4]
(’”41) [k2 + 2k + 2k + 4]

("“) [k(k + 2) + 2(k + 2)]

("“) [(k+2)+ (k+2)]

_ (k+1)2(k+2)2
a 4

Hence p(k + 1) is true.

4.Prove that n3 — n is divisible by 3, using mathematical induction .

Solution:
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Let S be the set of positive integers.

To prove p(1) is true.

Whenn = 1

RHS = n3 —n =13 -1 = 0isdivisible by 3.
Hence p(1) is true.

Assume that p(k) is true.

k3 — k is divisible by 3.

= k3—k=3m

>k¥=3m+k ...(0)

To prove p(k + 1) is true.

(k +1)3 — (k + 1) is divisible by 3.
>k3+1+3k*+3k—k—-1
= k3 + 3k? + 2k
= Bm+k)+3k*+ 2k
= 3m + 3k? + 3k

= 3(m + k? + k) is divisible by 3.
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Hence p(k + 1) is true.
5. Prove that 8" — 3™ is a multiple of 5. .
Solution:
Let S be the set of positive integers.
To prove p(1) is true.
Whenn = 1
RHS = 8" — 3" = 8! —3! =5 isamultiple of 5 which is true.
Hence p(1) is true.
Assume that p(k) is true.
8k — 3% is a multiple of 5.
= 8k — 3%k =5m
=8¢ =5m+ 3% ... (1)
To prove p(k + 1) is true.
gk+1 — 3k+1 js a multiple of 5.
= 8-8%—-3-3k

= (Gm+3%)-8-3-3k
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=>5-8m+8-3¥—3-3k
=5-8m+5-3F
= 5(8m + 3%) is a multiple of 5.
Hence p(k + 1) is true.
6. State and prove Handshaking theorem.

Suppose there are “n” people in a room, n > 1 and that they all shake hands

n(n-1)

with one another, prove that handshakes will have accured.

Solution:
Let S be the set of positive integers.
To prove p(1) is true.

Whenn = 1

n(n-1) _ 1(1-1)
2 2

0

p(1) =

= there is no handshake accured which means there is only one person.

Hence p(1) is true.

Assume that p(k) is true.

k(k—1)
2

p(k) = (1)
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To prove p(k + 1) is true.

p(k n 1) _ (k+1D)k

Suppose if one person entered into the room then he will shake his hand with “k”

other person whenever p(k) is true.

Hence p(k + 1) is true by mathematical induction.

The Well — Ordering Property:

The validity of mathematical induction follows from the following fundamental

axioms about the set of integers.

Every non — empty set of non — negative integers has a least element.

The well ordering property can often be used directly in the proof.

MAB8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

2.2 Pigeon Hole Principle and Generalized Pigeon Hole Principle
Pigeonhole Principle:
The pigeonhole principle in its simplest incarnation, states the following

If you have more pigeons than pigeonholes, and you try to stuff the pigeons into

the holes, then Atleast one hole must contain at least two pigeons.

Basic Pigeonhole Principle:

If kK + 1 or more objects are placed into k boxes, then there is Atleast one box

containing two or more of the objects.

Pigeonhole Principle:

If (n + 1) Pigeon occupies “n” holes then atleast one hole has more than one

pigeon.

Proof:

Assume (n + 1) pigeon occupies “n” holes.
Claim: Atleast one hole has more than one pigeon.
Suppose not,

Atleast one hole has not more than one pigeon.

Therefore each and every hole has exactly one pigeon.
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Since, there are “n” hole, which implies, we have totally “n” pigeon.
Which is a contradiction to our assumption that there are (n + 1) pigeon.
Therefore atleast one hole has more than one pigeon.

Hence the proof.

Generalized Pigeon Hole Principle

« ”

If m pigeon occupies “n” holes (m > n) then atleast one hole has more than
[mT_l] + 1 pigeon.Here [x] denotes the greatest integer less than or equal to x,

which is a real number.
Proof:

Assume “m” pigeon occupy “n” holes (m > n)

Claim: Atleast on hole has more than [mT_l] + 1 pigeon.
Suppose not, i.e., Atleast one hole has not more than [mT_l] + 1 pigeon.
Each and every hole has exactly [mT_l] + 1 pigeon.

Since we have n holes, totally there are n [[mT_l] +1 ] pigeon.

= m — 1 + n pigeons
= m + n — 1 pigeons

Which is a contradiction to the assumption, that there are m pigeons.
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Therefore, Atleast one hole has more than [mT_l] + 1 pigeon.

Problems under Pigeonhole and Generalized pigeonhole principle

1. Show that, among 100 people, atleast 9 of them were born in the same
month.

Solution:

Here, Number of Pigeon = Number of people = 100

Number of holes = Number of month = 12

Then by generalized pigeon hole principle,

[m—1]+1_[100—1]+1_9
n 112 B

Were born in the same month.

2. Show that, if seven colors are used to paint 50 bicycles, atleast 8 bicycles will
be the same.

Solution:

Here, Number of Pigeon = Number of bicycle = 50

Number of holes = Number of colors =7

Then by generalized pigeon hole principle,

m-—1 50-1
[ ]+1:[ ]+1=8
n 7

Therefore atleast 8 bicycles will have the same color.

MAB8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

3. Show that, if 25 dictionaries in a library contain a total of 40,325 pages,
then one of the dictionaries must have atleast 1614 pages.

Solution:

Here, Number of Pigeon = Number of bicycle = 40325

Number of holes = Number of colors = 25

Then by generalized pigeon hole principle,

m—1 40325 — 1
e R

1=1614
Tk

n

Here, Number of Pigeon = Number of grades = n = 5
Let k be number of students (pigeon) in discrete mathematics class.
>k+1=6
=>k=5
The total number of students = kn + 1
=5x5+1=26

Minimum number of students = 26.
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2.3 Permutation and Combination

The process of selecting things is called combination and that of arranging things is

called permutation.

Examples of combinations and permutations:

(1) Formation of a team from a number of players.

(11) Formation of a 3 member committee from 10members.
(i11) Arrangement of books on a shelf.

(iv) Formation of word with the given letters.
Permutation:

Each of the different arrangements which can be made by taking some or all of a

number of things at a time is called a permutation.

The number of permutations of “n” things taken “r” at a time is denoted by nP.
Examples:

6P, means the number of permutations of 6 things taken 2 at a time.
Formulae:

()nB.=nn—-1)(n—-2)...(n—r+1)

(11) The number of permutations of “n” things taken all at a time is
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nP,=n(n—1)(n—-2)...3-2-1

= nP, = n!

Problems based on Permutations:

1. In how many ways can 6 persons occupy 3 vacant seats?

Solution:

Givenn = 6,r = 3

Total number of ways = nP. = 6P; ways

=6 X5X4 =120 ways

2. How many permutations of the letters ABCDEFGH contain the string

ABC.

Solution:

Givenn = 6

No of arrangements = nP. = 6P = 6! Ways

= 720 ways

3. In how many ways can letters of the word “INDIA” be arranged.

Solution:
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The word INDIA contains 5 letters of which 2 are I’s.

5X4X3X2X1

. 5!
The number of word possible = = =
2! 2X1

= 60 ways

4. There are 6 books on Economics, 3 on Commerce and 2 on History. In how
many ways can these be placed on a shelf if books on the same subject are to

be together.
Solution:
6 Economics books can be arranged in 6P, ways or 6! \Ways.
3 Commerce books can be arranged in 3P; ways or 3! Ways.
2 History books can be arranged in 2P, ways or 2! Ways.
The three books can be arranged in 3P; ways
The total number of required arrangements

= 6! x 3! x 2! X 3! Ways

= 51840 ways

5. Out of 7 consonants and 4 vowels, how many words of 3 consonants and 2

vowels can be formed?

Solution:
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Number of ways of selecting 3 consonants from 7 = 'Cs
Number of ways of selecting 2 vowels from 4 = *C;

Number of ways of selecting 3 consonants from 7 and 2 vowels from 4
= 7C3 X 4C2

7X6X5 4%x3

= X =
3x2x1 2x1 210

6. Find the number of distinct permutations that can be formed from all the

letters of each word (i) RADAR (ii) UNUSUAL

Solution:

The word contains 5 letters of which 2 are A’s and 2 are R’s.
The number of possible words = % = 30

(i1) The word contains 7 letters of which 3 U’s are there

The number of possible words = ;—: = 40

7. Find the value of n if nP, = 20

Solution:

We know that nPB. = (n%'r),
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p, = n!  _ nn-1)n-2)!
M2 =T T -2

>nn—-1) =20

>n=20(r)n—1=20

>n=21

Combinations:

Each of the different groups or selections which can be made by taking some or all

of a number of things at a time is called a combination.

€699
T

The number of combinations of “n” things taken “r” at a time is denoted by nC,..

Formula:

Problems based on Combinations:

1. In how many ways can 5 persons be selected from amongst 10 persons?

Solution:

The selection can be done in 10Cs ways.

_ 10X9X8X7X6
T 1X2X3X4X5

= 252 ways
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2. How many ways are there to select five players from 10 member tennis

team to make a trip to match to another school.
Solution:

5 members can be selected from 10 members in 10C5 ways.

10X9OX8X7X6X5X4X3X2X1
5X4xX3%x2X%X1

Now 10Cs =

= 252 ways

3. Find the number of diagonals that can be drawn by joining the angular
points of a heptagon.
Solution:
A heptagon has seven angular points and seven sides.
The join of two angular points is either a side or a diagonal.
The number of lines joining the angular points
=7C,
= =21

But the number of sides = 7

Hence the number of diagonals = 21 — 7 = 14
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4. A team of 11 players is to be chosen from 15Smembers. In how many ways
can this be done if (i)one particular player is always included? (ii) Two such

players have always to be included?
Solution:

(1) Let one player be fixed.

The remaining players are 14.

Out of these 14 players, we have to select 10 players in 14C;, ways.

n! _ 14!
r'(n-r)! 10! (14—10)!

14C,, = = 1001 ways.

(i) Let 2 players be fixed.
The remaining players are 13.

Out of 13 players, we have to select 9 players in 13C4 ways.

n! _ 13!
r'(n-r)! 9! (13-9)!

13C, = = 715 ways.

5. If nCg = 20nC,, find the value of n.

Solution:

Given nCs = 20nC,

n! 20n!

5! (n=5)! 4! (n—4)!
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= n—-4)!4'=20%x (n—5)!5!

>m—-4-1)!(n—-4)4"=20x%x (n—5)!5!

>Mm—-5!n—-4)4'=20x(n—-5)!4!x5

= (n—4) =100

=n =100+ 4 = 104

>n =104

6. A question paper has 3 parts, Part A, Part B and Part C having 12, 4 and 4

questions respectively. A student has to answer 10 questions from Part A and

5 questions from Part B and Part C put together selecting atleast 2 from each

one of these two parts. In how many ways the selection of questions can be

done.
Solution:
12 4 4
Part A Part B Part C
10 2 3
10 3 2

The selection of questions can be done in
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12C;0 X 4Cy X 4C5 + 12C; X 4C5 X 4C,

= 3168 ways
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2.4 Recurrence Relations:

An equation that expresses a,,, the general term of the sequence {a,,} in terms of
one or more of the previous terms of the sequence, namely a,, a4, ..., a,_;, for all
integers n with n > ng, where ny is a non — negative integer is called a recurrence

relation for {a,,} or a difference equation.

If the terms of a sequence satisfies a recurrence relation, then the sequence is called

a solution of the recurrence relation.

For example, we consider the famous Fibonacci sequence

0,1123,5,8,13,21,...

Which can be represented by the recurrence relation.
E,= Fy_{+F,_,n=>2

and Ff, =0,F; =1

Here, F, = 0,F; = 1 are called initial conditions.

It is a second order recurrence relation.

Definition:

A linear homogeneous recurrence relation of degree k with constant coefficients is

a recurrence relation of the form
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a, = Clan_l + Czan_z‘l‘ oot CKkan_k
Where C4, C5, ..., Cy are real numbers, and C,, # 0.

The recurrence relation in the definition is linear since the right — hand side is a

sum of multiplies of the previous terms of the sequence.

The recurrence relation is homogeneous, since no terms occur that are not

multiplies of the a;’s.

The coefficients of the terms of the sequence are all constants, rather than function

that depend on “n”.

The degree is k because a,, is expressed in terms of the previous k terms of the

sequence.

Solving Linear Homogeneous Recurrence Relations With Constant

Coefficients:

Step: 1 Write down the characteristic equation for the given recurrence relation.
Here, the degree of character equation is 1 less than the number of terms in

recurrence relation.
Step: 2 By solving the characteristic equation find out the characteristic roots.

Step: 3 Depends upon the nature of roots, find out the solution a,, as follows:

MAB8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Case (i) Let the roots be real and distinct say ry,7,..., 1.

Thena, = a;r™ + a,n™ + azrs™+ ... +a,n," where aq, ay, ..., a, are arbitrary

constants.
Case (i) Let the roots be real and equal say r; =1, =...=1,.
Then a, = a;r™ + na,ry,™ + nazrs™+ ... +n"a,r," where a;, ay, ..., a, are

arbitrary constants.

Case (iii) When the roots are complex conjugate, then

a, = r"*(a, cosnf + a, sinnf)

Step: 4 Apply initial conditions and find out arbitrary constants.
Note:

There is no single method or technique to solve all recurrence relations. There exist

some recurrence relations which cannot be solved. The recurrence relation
S(k) = 2[S(k — 1)]? — kS(k — 3) cannot be solved.

1. If the sequence a,, = 3 - 2™, n > 1, then find the corresponding recurrence

relation.
Solution:

Givena, = 3-2"
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= an_l == 3 ) Zn_l
271.

=3.%
2

an
= ap-1 = >

= a, = 2(ap-1)

Hence a,, = 2a,,_1,n = 1 witha, = 3

2. Find the recurrence relation for S(n) = 6(—5)",n >0
Solution:

Given S(n) = 6(—5)™

=>S(n—1) =6(-5)"1

N

_S)Tl

=>S5Sn)=-5-S(n—1),n=0withS(0) =6
3. Find the recurrence relation from y, = A-2* + B - 3k

Solution:

Giveny, =A-2¥+B-3F .. . (1)
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= Y41 = A 251 4 B - 3k
=A-2%-24+B-3%-3
=2A-2%+3B-3% ... (2
= Yi4p = 4A- 2% + 9B - 3K ...(3)
(3) = 5(2) +6(1)

= Viers — 5Vks1 + 6V, = 44 2% + 9B - 3% — 104 - 2% — 15B - 3% + 64 - 2F +

6B-3% =0
= Yi+2 — OVk+1 T 6Y =0
4. Find the recurrence relation from y,, = A3" + B(—4)"

Solution:
Giveny, = A3" +B(—4)" ...(1)
= Y41 = Yo = A3+ B(—4)™
=A3"-34+ B(—4)"-(—4)
=34-3" — 4B - (—4)" ... (2)
= Y42 = 943" + 16B - (—4)" ... ()

(3)+(2)—12(D)
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= Yovg + Vi — 12y, = 943" + 16B(—4)" + 343" — 4B(—4)" — 1243" —

12B(—4)" = 0

= VYn42 T Yne1 —Yn =0

5. Find the solution to the recurrence relation a,, = 6a,_; —11a,,_, + 6a,,_3

with the initial conditions ap = 2,a; = 5,a, = 15

Solution:

The recurrence relation can be written as a,, — 6a,,_; + 11a,_, — 6a,_3 =0
The characteristic equation is 73> — 6r% + 11r —6 = 0

By solving, we get the characteristic roots,r = 1, 2,3

Solutionis a, = a; - 1™ + a,2™" + a33" ... (A)

Givena, = 2,Putn = 0in (A)

ap = a; - (1% + a,(2)° + a3(3)°
A)=a+a,+a3 =2 (1)

Givena, =5,Putn = 1in(A)

a; = a; - (D' + a2 + a3(3)*
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Givena, = 15,Putn = 2in(A)
a, = a; - (1)? + a,(2)? + a5(3)?
(A) = a; +4a, + 9a; =15 ... (3)
To solve (1), (2) and (3)
W=>a3=2—a; —a, ... (4)
Using (4) in (2)
2)=2a+a,=1 ... (5)
Using (4) in (3)
(3) > 8a; + 5a;3 =3 ... (6)
Solving (5) and (6), we get ¢y = 1 and a, = —1
Usinga; =1and a, = —1in (1) we get a3 = 2
Substituting @; = 1 and a, = —1 and a3 = 2 in (A), we get

Solutionisa, =1-1"—-1-2"+2-3"
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2.5 Generating Function:

The generating function for the sequence “s” with terms agy, a4,..., a, of real

numbers is the infinite sum.
G(x) =G(s,x) =ap +a;x + ax*+ ...+ a,x"+...
= Z?lo=0 anxn

For example, (i) The generating function for the sequence “s” with the terms

1,1,1, .. . isgiven by
= 1
G(x) =G(s,x) = z x™ =
1—x
n=0
(if) The generating function for the sequence “s” withterms 1,2,3,4, ... is
given by
G(x) = G(s,x) = Z(n + 1"
n=0
=1+ 2x +3x%+...
=(1-x)7
_ 1
 (a-x)?
Problems:
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1. Write the generating function for the sequence 1, a, a?, a3, a*,...
Solution:

Generating function G(x) =1+ a + a? + a®>+ a*+...

= —forfax| < 1
Solution for Recurrence Relations using Generating Functions:
Procedure for solving Recurrence Relation using Generating Function:
Step: 1 Rewrite the recurrence relation as an equation on RHS
Step: 2 Multiply the equation in step: 1 by x™ and summing it from 1 to oo or
(0 to ) or (2 to )
Step: 3 Put G(x) = Yoo a,x™ and write G(x) as a function of x.
Step: 4 Decompose G (x) into partial fraction.
Step: 5 Express G (x) as a sum of familiar series.

Step: 6 Express a,, as the coefficient of x™ in G (x).

The following table represents some sequences and their generating functions.
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S.no Sequence Generating Function
1 1 1
11—z
2 (- 1
1+2z
3 am 1
1—az
4 (—a)™ 1
1+az
5 n+1 1
1 - (2)?
6 n r
(1-2)?
7 n? z(1+2)
(1-2)3
8 na™ az
(1 — za)?

1. Using generating function solve the recurrence relation a,, = 3a,,_; forn >

1 W|th ao =2
Solution:
Let G(x) = Xopanx™

Givena, —3a,_1 =0

MAB8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Multiply the above equation by x™ and summing from 1 to oo, we get

(00) (00)
= Z a,x" Z 3a,_1x"

n=1 n=1

[0 0] [0 0]
= z a,x™ — 3x Z 3a,_x""1=0
n=1 n=1

= (G(x) —ay) —3xG(x) =0
= G(x)(1 —-3x) = q,

=>G6G(x)(1-3x)=2

= G(x) = =2(1-3x)"1

(1 3x)
=21+ 3x + Bx)*+ ...)
= 2Yn=03"x"
Consequently, a,, = 2. coefficient of x™ in G (x)
a, =2-3"

2. Solve the recurrence relation a,, — 7a,,_1 + 10a,,_, = 0 for n > 2 given

that ay = 10, a; = 41 using generating function.

Solution:

MAB8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

The given recurrence relation is a,, — 7a,_; + 10a,,_, = 0

Multiply the above equation by x™ and summing from 2 to oo, we get

(00 (0e] (ee]
= Z a,x"™ — 72 An_1x™ + 10 Z Ap_x" =0
n=2 n=2 n=2

(0] (00] (0e]
n n-1 2 n-2 _
= z apx" —7x Z Ap-_1X + 10x Z Ap_2X =0
n=2 n=2 n=2

= [6G(x) —ag — ax] — 7x[G(x) — apg] + 10x%G(x) = 0
= G(x) — 10 — 41x — 7x[G (x) — 10] + 10x%G(x) =0

=5G6x)([A—-7x+10x?)+29x—10=0

10-29x

= G(x) = 10x2—7x+1
10-29x

= G(x) = (1-2x)(1-5%)

= G(x) = 4 5

(1-2x) (1-5x)

=A(1-2x)"'+B(1 -5x)"1

=A[1+2x + 2x)?+...] + B[1 + 5x + (5x)%+...]
= AY%.,2"x™ 4+ B Y%, 5" x™

a,, = coefficient of x™ in G (x)
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a, =A2"+B5"n=2 ...(A)
Given ay = 10, Putn = 0in (A), we get
= ay, = A2° + B5°

=>10=A4+B ...(1)

Givena; = 41,Putn = 1in(A), we get
= a, = A2! + B5?

>41=24+5B ...(2)

Solving (1) and (2) we get A=3,B =7
Hence a, =3-2"+7-5"

3. Using generating function solve the recurrence relation corresponding to

the Fibonacci sequence a,, = a,,_1 + a,_,,n > 2 withay =1,a; =1
Solution:
Given recurrence relationa,, —a,_1 —a,_, =0

Multiply the above recurrence relation by x™ and summing from 2 to oo, we get

oo (e 0] (e 0]
= Z a,x" — Z A, 1x" — Z Ap_x™ =0

n=2 n=2 n=2
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= [6G(x) —ag —a;x] — x[G(x) —ap] — x*G(x) =0
= G(x) —10 — 41x — 7x[G(x) — 10] + 10x*G(x) = 0

> G6(x)(A—x—x%)=ay— apx + a;x

1

= G(x) = 1-x—x2
_ 1
(1) (1125
A B
- (1_1+2«/§x) (1 1—2\/5 )
Now —— = —~4 (1)

1=4(1-250)+8(1-25x) ...
Putx = 0in (2)
2)>A+B=1 . @)

2 .
Putx—:m (2)

(2):>1=B(1—1”§)

1-/5
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—2v5 ) :
=>1=8B (ﬁg) (Using B value in (3))

15
:>B——_2\/g

3)=4==(1+5)

Sub A and B in (1), we get

- S (- (5D)) -5 (-(5D))

1<1+\/§)' 1++5 <1+\/§>2 ]
— X + + ...

=E\Tz )T 2
L) S ()
V5 2 _ 2 2
a,, = coefficient of x™ in G(x)
Solving, we get
w=m(39) -HEY

5+2

. . « X . .
4. ldentify the sequence having the expression Tz asa generating function.

4x

Solution:
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. 5+2x
Given G(x) = e ()
_ 5+2x
T (1+2x)(1-2%)
Now 5+2x A B . (2)

" (1+2x)(1-2x) - (1+2x)  (1-2x)

Putxzé

=>5+1=2B

=B =3

Putx=—%

=>5-1=24

=>A=2

2) > 5+2x 2 3

(+20(1-2%) (1420 | (1-2x)
=2(1-2x)"1+3(1 —-2x)71
=A[1—-2x— 2x)*+...]+B[1 + 2x + (2x)*+...]
=2 n= (1) 2 x™ + 3 X5, 2"
=2 n=2(=2)"x™ + 335, 2 %"

The required sequence is the coefficient of x™ in G(x)
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Hence S(n) = 2(—=2)" + 3(2)"

5. lIdentify the sequence having the expression T—zxz as a generating

function.
Solution:
. 3-5x
Given G(X) = 1 2x—3a2 . (1)
_ 3—-5x
T (1-3%)(1+x)
Now 3-5x A B . (2)

" At20(1-2%)  (1-3%) | (1+x)

3—5x=A(1+x)+ B —3x)

Putx = —1

= 3+5=4B
=>B=2

Putx = -
=>3-2=4(1+3)
=>§=§A

>A=1
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3—-5x _ 1 2
(1+2x)(1-2x)  (1-3x)  (1+x)

2) =
=(1-3x)"1+2(1+x)t
=A[1+3x+ Bx)*+...]+B[1 —x+ (x)*+...]
= Xn=23"x" + 3 X,(=1)" X"
The required sequence is the coefficient of x™ in G (x)

Hence S(n) = 3™ + 2(—1)"
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2.6 The Principle of Inclusion — Exclusion:
Formula

|A1 U A, U Az| = |A4] + [Ax] + [As] + [AL N Ay — [AL N Az — |A; NAs| +
|A; N A, N As]
|A; UA, U Az U A,
= |A;]| + [A| + |A3] + [A4] + A1 N Ay — |A; N Az| — [4; N As|
—[A; NAL = [A; N ALl = A3 N Ay| + |A; N Ay N As]
+ A, NA, NA3| + A1 NA, NALl + |A; N A3 N Ay
- |A1 nAz ﬂA3 ﬂA4|
Problems under Inclusion and Exclusion:
1. How many positive integers not exceeding 1000 are divisible by 7 or 11?
Solution:

Let A denote the set of positive integers not exceeding 1000 that are divisible by 7.

Let B denote the set of positive integers not exceeding 1000 that are divisible by

11.

1000
7

Then, |A| = [ — [142.8] = 142

1000
IB| = T] —[90.9] = 90
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1000

|AﬂB|—[7 11

= [12.9] = 12

The number of positive integer not exceeding 1000 that are divisible either 7 or 77

is|AUB|

By principle of inclusion — exclusion,

|AUB| =|A|+ |B] — |A N Bj

=142 +90—-12 = 220

There are 220 positive integer not exceeding 1000 divisible by either 7 or 11.

2. Determine n such that 1 < n < 100 which are not divisible by 5 or by 7.
Solution:

Let A denote the number n, 1 < n < 100 which is divisible by 5.

Let B denote the number n, 1 < n < 100 which is divisible by 7.

Then, |4] = [100

]_ [20] = 20
IB| = [ﬁ;"] — [14.3] = 14

|AnB| _ [1000

[2.8] = 2

Now, the number n, 1 < n < 100 which is divisible by either 5or 7 is |A U B|
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By principle of inclusion — exclusion,
|AUB| =|A|+ |B] — |A N Bj
=20+14—-2 =32
The number n, 1 < n < 100 which is divisible by either 5 or 7 is
=100 — 32 =68
There are 68 number not exceeding 100 that are not divisible by either 5 or 7.

3. Find the number of integers between 1 to 250 that are not divisible by any

of the integers 2, 3,5and 7

Solution:

Let A denote the integer from 1 to 250 that are divisible by 2.
Let B denote the integer from 1 to 250 that are divisible by 3.
Let C denote the integer from 1 to 250 that are divisible by 5.

Let D denote the integer from 1 to 250 that are divisible by 7.
Then, |4] = [2750] =125

1Bl = [2°] = 83
| 3

1cl = 2% = s0
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ID| = 2—50]=35

7

The number of integer between 1 — 250 that are divisible by 2 & 3

[250]

IANB| = =41
| 2% 3]

anc|=[22] =25
| 2 X5

AnD| =22 =17
| 2X 7]

IBNC| = @] =16
3%x5

IBnD| =22 =11
| 3X 7

icnp| =2 =7
| 5X 7]

The number of integer between 1 — 250 that are divisible by 2, 3 & 5

[ 250 ]

JANBNC|= =8
| 2X3X5]
AnBnD|=[22]=5
| 2X3X7]
Ancnp|=[22]=3
| 2X5X%X 7]
|BnCnD|=[ 250 ]=
3X5%7
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|,4anan|==[250 ]

2X3X5X%7

The number of integer between 1 — 250 that are divisible by 2, 3,5 & 7 is

JANBNCND]
By principle of inclusion and exclusion,

[AUBUCUD|
=|A|+ |B|+|C|+|D|—-|ANB|—|AnC|—|AnD|—|BnC|
—|BNnD|—-|CND|+|AnBNC|+|ANBND|+|ANnCND|

+|BNCND|—|ANnBNCND|

=(125+83+50+35)—(41+25+17+16+11+7)+(8+5+3+2)

-1
=293-117+18—-1 =193
Now, the number of integer not divisible by any of 2, 3, 5 and 7
= 250 —-193 =57

4. How many integers between 1 to 100 that are (i) not divisible by 7, 11 or 13

(ii) divisible by 3 but not by 7.

Solution:
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Let A, B and C denote respectively the number of integer between 1 to 100 that are

divisible by 7, 11 and 13 respectively.

Then, 4] = [=2] = 14
7

Bl =[] =9
=151 =7
AnB|=[-2]=1

| 7X11]
anc|=[~2]=1

| 7%X13]
|BnC|=_1°°]=

[11X13
|AanC|:[ 100 ]:

7X11X13

The number of integers between 1 — 100 that are divisible by 7, 11 and 13 is

[AUBUCUD|
By principle of inclusion and exclusion,

JAUBUC|=|A|+|B|+I|C|=|ANnB|=|AnC|—=|BNnC|—|BNnD|+

JANBNC|—|ANnBnNC|

=(14+9+7)—(1+1+0)+(0)
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=30—-2=28
Now, the number of integer not divisible by any of 7, 11 and 13
=100—-28=72

Let A and B denote the number between 1 — 100that are divisible by 3 and 7

respectively.
Then, |4| = [2°| = 33
1= 2] = 14

100
3X7

[AnB| =] =4
The number of integers divisible by 3 but not by 7.

=|A|-|ANB|=33-4=29

5. Find the number of integers between 1 to 100 that are divisible by (i) 2, 3, 5

and 7 (ii) 2, 3, 5 but not by 7
Solution:

Let A, B, C and D denote the number of positive integers between 1 to 100 that are

divisible by 2, 3, 5 and 7 respectively.

Then, |A| = [%] =50
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1Bl = [*°] = 33

1cl = [29] = 20

pi= [

=14

1AnB| =2 =16
| 2% 3]

anc| =[] =10

[ 2X5]

anp| =22l =7
| 2X 7]

Bnc| =22 =6
| 35

IBnD|=[22|=24
| 3X 7]

Icnp| =[] =2
| 5% 7]

[ 100
JANBNC|= ]
| 7X11X13

AnBND|=[22]=2
| 2X3X7]

AncnD|=|-2]=1
| 2X5X%X 7]

Bncnp|=[—2]=9
| 3X5X7]
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|Aanan|=[ 100 ]

2X3X7X11

By principle of inclusion and exclusion,

[AUBUCUD|
=|A|+ |B|+|C|+|D|—-|ANB|—]|ANnC|—|AnD|—|BnC|
—|BNnD|—-|CNnD|+|AnBNC|+|ANBND|+|ANnCND|

+|BNCND|—|ANBNCND|
=(50+33+20+14)—-(164+10+7+6+4+2)+(B3+2+14+0)—-0
=117 —-45+6 =178

(if) The number of integers between 1 — 100 that are divisible by 2, 3, 5 but not by

7=|AnBNnC|—]1ANnBNnCnND|
=3-0=3

6. Determine the number of positive integersn, 1 < n < 1000, that are not

divisible by 2, 3 or 5 but are divisible by 7.
Solution:

Let A, B, C and D denote the number of positive integers between 1 to 1000 that

are divisible by 2, 3, 5 and 7 respectively.

ID| = &7"0] = [142.8] = 142
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1000
2X3X5X%7

|Aanan|=[ ]=[4.7]=4

The number between 1 — 1000 that are divisible by 7 but not divisible by 2, 3, 5
and7=|D|—|AnBNnCnND|
=42 —-4 =138

7. In a survey of 100 students, it was found that 30 studied Mathematics, 54
studied Statistics, 25 studied Operation research, 1 studied all the three
subjects. 20 studied Mathematics and Statistics, 3 studied Mathematics and
Operation Research and 15 studied Statistics and Operations Research, (i)
How many students studied none of these subjects?(ii) How many students

studied only Mathematics.

Solution:

Let A denote the students who studied Mathematics.

Let B denote the students who studied Statistics.

Let B denote the students who studied Operations Research.

It is given that |A| = 30,|B| = 54, |C| = 25,|JANB| =20,|ANC| =3,

IBNC|=15|AnBnC|=1

By principle of inclusion — exclusion, the number of students playing either

volleyball or hockey is
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JAUBUC|=|A|+|B|+|C|—-|AnNB|—|ANnC|—|BNnC|+]|ANnBnNC|
=30+54+25-20-3-15+1
Students who studied none of these 3 subjects = 100 — 72 = 28
The number of students only studied Mathematics and Statistics = 20 —1 = 19
The number of students only studied Mathematics and Operations Research
=3 -1=2
The number of students only studied Mathematics =30 —-19-2—-1 =38

8. A survey of 500 from a school produced the following information. 200 play
volleyball, 120 play hockey, 60 play both volleyball and hockey. How many

are not playing either volleyball or hockey?

Solution:

Let A denote the students who play volleyball.

Let B denote the students who play hockey.

It is given that n = 500, |A| = 200, |B| = 120,]4 N B| = 60

By principle of inclusion — exclusion, the number of students playing either

volleyball or hockey is

|AUB|=|A|+ |B| — |A N Bj
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=200+ 120 — 60 = 260
The number of students not playing either volleyball or hockey is
=500 — 260 = 240

9. Out of 100 students in a college, 38 play tennis, 57 play cricket and 31 play
hockey, 9 play cricket and hockey, 10 play hockey and tennis, 12 play tennis
and cricket. How many play (i) all three games (ii) just one game (iii) tennis

and cricket but not hockey. (Assume that each student plays atleast one game)
Solution:

Let T, C and H denote the set of students playing Tennis, Cricket and Hockey

respectively.

Giventhat |T| =38,|C| =57, |H| =31,|TnC|=12,|T n H| = 10,

ICNH|=9,|TUCUH|=100

Now, the number of integer who play all three games = [T N C N H|

By principle of inclusion — exclusion,

ITUCUH|=|T|+|C|+|H|-|TnC|—|TnH|—-|CNnH|+|TnCnH|
100=38+5+31—-103-12-10+9+|TNnC N H|

ITNCNH|=100—-126+31=75
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Number of students who play all 3 games =5

Number of students playing just one game = number of students Tennis only +

number of students playing cricket only + number of students playing Hockey only

=21+41+17=79

The number of students playing Tennis and Cricket but not Hockey

=|TnC|—|TNCNH|

=12-5=7

10. A survey of 500 television watchers produced the following information.
285 watch Hockey games. 195 watch Football games. 115 watch basketball
games.70 watch football and hockey games. 50 watch hockey and basketball
games and 30 watch football and basketball games. 50 do not watch any of the

three games. How many people watch exactly one of the three games.
Solution:

Let H denotes the television watchers who watch Hockey.

Let F denotes the television watchers who watch Football.

Let B denotes the television watchers who watch Basket Ball.
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Given that |H| = 285, |F| = 195, |B| = 115,|H N F| = 70, |H N B| = 50,

|F nB| =30

Let x be the number of television watchers who watch all three games.

Now, we have

Given 50 members does not watch any of the three games.

Hence, (165+x)+(95+x)+(35+x)+ (70 —x) + (50 —x) + (30 — x) +

x = 500

= 445 + x = 500

= x =55

Number of students who watches exactly one game is

=165+x+95+x+35+x

=295+ 3 x 55 =295+ 165 = 460

11. A total of 1232 have taken a course in Tamil, 879 have taken a course in
Telugu, and 114 have taken a course in Hindi. Further 103 have taken a
course in both Tamil and Telugu, 23 have taken a course in Tamil and Hindi,

and 14 have taken a course in Telugu and Hindi. If 2092 students have taken
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atleast one of the Tamil, Telugu and Hindi, how many students have taken a

course in all three languages.

Solution:

Let A denote the students who have taken a course in Tamil.
Let B denote the students who have taken a course in Telugu.
Let C denote the students who have taken a course in Hindi.

Itis given that |A| = 1232, |B| = 879, |C| = 114,|]A N B| = 103,|An C| = 23,

|IBNC|=14,][AUBUC| = 2092

By principle of inclusion — exclusion, the number of students playing either

volleyball or hockey is
JAUBUC|=|A|+|B|+I|C|—]|AnB|—-|AnC|—|BNnC|+|ANnBnNnC|

2092 =1232+879+114—-103-23—-14+|ANnB N (|
JANBNC|=2232—-2225=7

Therefore, there are 7 students who have taken the course in Tamil, Telugu and

Hindi.
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Graph:

Agraph G = (V,E, ¢) consists of a non —empty set V = {V,,V,, ...} called the

set of nodes (Points, Vertices) of the graph, E = {e, e,, ...} is said to be the set of
edges of the graph, and , ¢ is a mapping from the set of edges E to set of ordered or

unordered pairs of elements of V.

The vertices are represented by points and each edge is represented by a line

digrammatically.

Example of Graph

In this graph,

v={A,B,C,D,E}

=

Self Loop:

If there is an edge from v; to v; then that edge is called self loop or simply loop.
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simple graph nonsimple graph nonsimple graph
with multiple edges with loops

Parallel edges:
If two edges have same end points then the edges are called parallel edges.
Incident:

If the vertex v; is an end vertex of some edge e, then e, is said to be incident with

v;.
Adjacent edges and vertices:

Two edges are said to be adjacent if they are incident on a common vertex.
Two vertices v; and v; are said to be adjacent if v;v; is an edge of the graph.
Simple Graph:

A graph which has neither self loops nor parallel edges is called a simple graph.
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Example of Simple Graph

Isolated vertex:

A vertex having no edge incident on it is called an isolated vertex. It is obvious that

for an isolated vertex degree is zero.

Pendent vertex:

If the degree of any vertex is one, then that vertex is called pendent vertex

Directed edges:

Inagraph ¢ = (V,E), on edge which is associated with an ordered pair of V XV

Is called a directed edge of G.
Undirected edge:

If an edge which is associated with an unordered pair of nodes is called an

undirected edge.
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Digraph:

A graph in which every edge is directed edge is called a digraph or directed graph.

Example of Directed Graph

Undirected graph:

A graph in which every edge is undirected is called an undirected graph.
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Example of Non-Directed Graph

Mixed graph:

If some edges are directed and some are undirected in a graph, the graph is called

mixed graph.
Multigraph:

A graph which contains some parallel edges is called a multigraph.
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Example of Multi Graph

Pseudograph:

A graph in which loops are parallel edges are allowed is called a Pseudo graph.

Multiple Edges

Not a Simple Graph Simple Graph
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Graph Terminology:
Degree of a vertex:

The number of edges incident at the vertex v; is called the degree of the vertex

with self loops counted twice and it is denoted by d(v;).

Example:

L ]
v, Vi

dea(vd= 2 deg (v =1\
dcoa(vl\,- 3 deglyd=0
dtg. (.V'.D'-'-Z_

(i) d(v,) = 2

(ii) d(v,) = 3
(iii) d(v3) = 1
(iv) d(v,) = 2

(v) d(vs) =0
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In — degree and out — degree of a directed graph:

In a directed graph, the in — degree of a vertex V, denoted by deg~(V)and defined

by the number of edges with V as their terminal vertex.

The out — degree of V, denoted by deg™* (V), is the number of edges with V as their

initial vertex.

Example:

b (1) (2)

In — degree Out — degree Total degree

deg=(a) =0 deg*(a) =3 deg(a) =3

deg=(b) = 2 deg*(b) =1 deg(b) =3

deg=(c) =2 degt(c) =1 deg(c) =3
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deg*(d) =1

deg*(e) =2

deg™(f) =10

Note:

A loop at a vertex contributes 1 to both the in — degree and the out — degree of this

vertex.

Theorem: 1(The Handshaking Theorem)

Let G = (V,E) be an undirected graph with e edges then Y ,cy deg(v) = 2e.

The sum of degrees of all the vertices of an undirected graph is twice the

number of edges of the graph and hence even.
Proof:

Since every edge is incident with exactly two vertices, every edge contributes 2 to

the sum of the degree of the vertices.
All the ‘e’ edges contribute (2e) to the sum of the degrees of vertices.
Hence Y. ,ey deg(v) = 2e

Hence the proof.

MAB8351 DISCRETE MATHEMATICS




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Theorem: 2
In a undirected graph, the number of odd degree vertices are even.
Proof:

Let I/; and V, be the set of all vertices of even degree and set of all vertices of odd

degree, respectively, inagraph ¢ = (V,E).

> 2 dW) = Tper, dW) + Ty, d(v))

By Handshaking theorem, we have

= 2e = z d(Ul') + z d(v])
V;EV; V€V,

i 1
Since each deg(v;) is even, Y., ey, d(v;) is even

As left hand side of equation (1) is even and the first expression of the RHS of (1)

is even, we have the second expression on the RHS must be even.
Yvjev, d(v)) is even.
Since each d(v;) is odd, the number of terms contained in X, ey, d(v;) is even.

I.e., The number of vertices of odd degree is even.

Hence the proof.
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Theorem: 3

n(n—1)

« ”n

The maximum number of edges in a simple graph with “n” vertices is

Proof:

We prove this theorem by the principle of Mathematical induction.
Forn = 1, a graph with one vertex has no edges.

The result is true for n =

Forn = 2, agraph with 2 vertices may have atmost one edge.

2(2-1) _
— =

1

The result is true forn =

Assume that the result is true forn = k.

k(k—1)

I.e., a graph with k vertices has atmost edges.

Whenn = k + 1, let G be a graph having “n” vertices and G’ be the graph

obtained from G by deleting one vertex say v € V(G).

k(k—1)

Since G' has k vertices, then by the hypothesis G’ has atmost >

edges.

Now add the vertex “v” to G'. Such that “v” may be adjacent to all the k vertices of

G'.
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The total number of edges in G are,

k(k-1) k2—k+2k
+ J—

_ k(k+1)
2

_ (k+1)(k+1-1)
2

The resultistrue forn = k+1

Hence the maximum number of edges in a simple graph with “n” vertices is 1)

Hence the proof.
Theorem: 4

If all the vertices of an undirected graph are each of degree k, show that the

number of edges of the graph is a multiple of k.

Proof:

Let 2n be the number of vertices of the given graph. ... (1)
Let n, be the number of edges of the given graph.

By Handshaking theorem, we have Y2 degV; = 2n,
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= 2nk = 2n, using (1)

= nk =n,

= number of edges = multiple of k.

The number of edges of the given graph is a multiple of k.

Example:1

How many edges are there in a graph with ten vertices each of degree six.

Solution:

Let e be the number of edges of the graph.

= 2e = Sum of all degrees

= 10X6 = 60

= 2e = 60

=>e = 30

There are 30 edges.

Example: 2

Can a simple graph exist with 15 vertices of degree 5.

Solution:

MAB8351 DISCRETE MATHEMATICS




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

= 2e =) dWw)

= 2e = 15X5 =75

Which is not an integer.
Such a graph does not exist.

(or) By theorem (2) in a graph the number of odd degree vertices is even.

Therefore, it is not possible to have 15 vertices, which is of odd degree.
Such a graph does not exist.

Example: 3

For the following degree sequences 4, 4, 4, 3, 2 find if there exist a graph or

not.

Solution:

Sum of the degree of all vertices =4+4+4+3+4+2 =17

Which is an odd number.

Such a graph does not exist.

Example: 4
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Does there exist a simple graph with five vertices of the following degrees? If

sodrawsuchgraph(a)1,1,1,1,1(b) 3,3,3,3,2

Solution:

We know that in any graph the number of odd degree vertices is always a even.
In case (a) number of odd degree vertices is 5 (not an even)

Such graph does not exist.

For case (b)

Sum of degree = 14 = even

The graph exist.

Special Types of Graphs

Regular Graph

If every vertex of a simple graph has the same degree, then the graph is called a

regular graph.
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Examples of Regular Graph

If every vertex in a regular graph has degree k, then the graph is called k - regular.

Complete Graph

In a graph, if there exist an edge between every pair of vertices, then such a graph

is called complete graph.

In a graph if every pair of vertices are adjacent then such a graph is called

complete graph.

If is noted that, every complete graph is a regular graph. In fact every complete

graph with n vertices isa (n — 1) regular graph.
The complete graph on n vertices is denoted by k,,. The graphs k,, for

n =127345are
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Ks K

Examples of Complete Graph

Example: 1

Draw the complete graph kg with vertices A, B, C, D, E. Draw all complete

sub graph of kg with 4 vertices.

Solution:

In a graph, if there exist an edge between every pair of vertices, then such a graph

is called complete graph.

I.e., In a graph if every pair of vertices are adjacent, then such a graph is called

complete graph. Complete graph ks is
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Now, complete subgraph of kg with 4 vertices are

Bipartite Graph

A graph G is said to be bipartite if its vertex set V' (G) can be partitioned into two

disjoint non empty sets V; and V,, V; UV, = V(G), such that every edge in E(G)
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has one end vertex in V; and another end vertex in V, . (So that no edges in,

connects either two vertices in /; or two vertices in V5,.)

For example, consider the graph G

Then G is a Bipartite graph.

Example of Bipartite Graph
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Example of Bipartite Graph

Complete Bipartite Graph:

A bipartite graph G, with the partition VV; and V,, is called complete bipartite
graph, if every vertex in V; is adjacent to every vertex in V/,. Clearly, every vertex

in V, is adjacent to every vertex in V/;.

A complete bipartite graph with ‘m’ and ‘n’ vertices in the bipartition is denoted by

kmn.
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Example of Complete Bipartite Graph

Subgraph:

A graph H = (V',E") is called a subgraphof G = (V,E),if V' cVandE' CE.

In other words, a graph H is said to be a subgraph is said to be a subgraph of G, if
all the vertices and all the edges of H are in G and if the adjacency is preserved in

H exactly as in G.

Hence, we have the following

(i)Each graph has its own subgraph.

(i))A single vertex in a graph G is a subgraph of G.

(iii)A single edge in G, together with its end vertices is also a subgraph of G.
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(iv)A subgraph of a subgraph of G is also a subgraph of G.

(V)H is a proper subgraph of G if H # G.

S
(Subgraph of G)

Graph representation:
Adjacency Matrix of a simple graph:

Let G = (V,E) be a simple graph with n - vertices {v,, v,, ..., v,}. Its adjacency

matrix is denoted by A = [a;;] and defined by

1,if there exist an edge between v; and v;
A=la;] = {

0, otherwise

Example: 1
Find adjacency matrix of the graph given below.

Solution:
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Example: 2
Find adjacency matrix of the graph given below.

Solution:

Undirected Graph Adjacency Matrix

®

J

Incidence matrices:

Let G = (V,E) be an undirected graph with n vertices {V;,V,,...,V,,} and m

edges {e, e,..., €,,}. Then the (n x m) matrix B = [b;;], where
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B =[b,] = {LWhen edge e; incident on V;
R 0, otherwise

Example: 1

Find incidence matrix of the following graph and your observations regarding

the entries of B.

Solution:

Path Matrix:

Let G = (V,E) be asimple digraph in which |V| = n and the nodes of g are

assumed to be ordered. An n X n matrix P whose elements are given by

P = {1, If there exists a path from V; to V;
b 0, otherwise
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Is called a path matrix (reachability matrix) of the graph G.
Example: 1
Find path matrix

Solution:

|:{ey, ¢4}

2: {e), ey, ¢4}

(a) (.ll'Ilph Glu (b) Path matrix between Vi \'40f('i|,\

Note:
Path Matrix is very useful in communications and transportation networks.

Graph Isomorphism:

Two graphs G, and G, are said to be isomorphic to each other, if there exist a one —

to —one correspondence between the vertex sets which preserves adjacency of the

vertices.
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The Graph G, = (V4, E;) is isomorphic to the graph G, = (V,, E,) if there is-a one
— to — one correspondence between the vertex sets I/; and V, and the edge sets E;
and E, in such a way that if e, is incident on u; and V; in G, then the
corresponding edge e, in G, is incident on u, and V, which correspondence is

called graph isomorphism.

Graph Isomorphism Example-

I~ [
1] =

Graph Isomorphism Example

However, the definition of isomorphism of two graphs were easy, but the given

«__n

graph having “n” vertices itself has n! ways of one — to — one correspondence.

So, before going to isomorphism, we can verify whether they have the same
number of vertices and edges and if the degree sequence of the graphs are same. If

not, the we can say the graphs are not isomorphic.
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Note:

If G, and G, are isomorphic then G, and G, have

(i) The same number of vertices.

(i) The same number of edges.

(iii))An equal number of vertices with a given degree.

However, these conditions are not sufficient for graph isomorphism.
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Paths, Reachability and Connectedness:

A path is a graph is a sequence vy, v,, v3,..., V) Of vertices each adjacent to the
next. In other words, starting with the vertex v,, one can travel along edges

(v, v3), (v5, v3), ... and reach the vertex vy,.

Length of the path:

The number of edges appearing in the sequence of a path is called the length of

path.

Cycle or Circuit:

A path which originates and ends in the same node is called a cycle of circuit.
A path is said to be simple if all the edges in the path are distinct.

A path in which all the vertices are traversed only once is called an elementary

path.
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Connected Graph:

An directed graph is said to be connected if any pair of nodes are reachable from

one another. That is, there is a path between any pair of nodes.

Example of Connected Graph

Disconnected graph:

A graph which is not connected is called disconnected graph.

>

Example of Disconnected Graph
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Theorem: 1

If a graph has n vertices and a vertex v is connected to a vertex w, then there

exists a path from v to w of length not more than (n — 1).
Proof:
Let v,uq,uy,...,Uy—1, w be apathin G fromv tow.
By definition pf path, the vertices v, uq, u,,..., u,,—, and w all are distinct.
As @, contains only “n” vertices, it follows thatm + 1 < n
>m<n-—1
Hence the proof.
Theorem: 2

Prove that a simple graph with n vertices must be connected if it has more

(n-1)(n-2)

than edges.

Proof:

1)(

Let G be a simple graph with n vertices and more than (n_z—n_z) edges.

Suppose if G is not connected, then G must have atleast two components. Let it be

Giand G,.
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Let /; be the vertex set of G, with |V;| = m. If V; is the vertex set of G,, then

Vol =n —m.

Then()1<m<n-1

(i1) There is no edge joining a vertex of I/; and a vertex of V.

(i) [V, =n—m > 1

Now, |[E(G)| = |E(G, U G,)]

= |E(G| + |E(Gy)]

mim-1) (nm-m)(nh—-m-—1)

<
2 2

=-m*-m+nn-m-1)-mn-m-1)]

=%[n(n—1)—nm—m(n—m—1)+m2—m]

=-[m-1Dn-2)+2(n—-1) —2nm +m? + m+m? —m]
Adding and Subtracting 2n — 2

=%[(n— Dn—2)+2n—2—2nm + 2m?]
==[(n—-1Dn-2)+2n(1 —m) + 2(m? — 1)]

=-[n—-1DMn-2)-2n(m—-1)+2(m—1)(m + 1)]
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=2 [(n-1DMn-2)—20m—Dn—m-1)]

),Since(m—l)(n—m—l)20f0r1£m£n—1

(n-1)(n-2
HOEEE

(n-1)(n-2)

Which is a contradiction as G has more than edges.

Hence G is a connected graph.
Hence the proof.

Theorem: 3

Let G be a simple graph with n vertices. Show that if §(G) > [g] then G is

connected where §(G) is minimum degree of the graph G.
Proof:

Let u and v be any two distinct vertices in the graph G.

We claim that there isa u - v path in G.

Suppose uv is not an edge of G. Then, X be the set of all vertices which are

adjacent to u and Y be the set of all vertices which are adjacent to v,
Thenu,v € X UY. (Since G is a simple graph)

And hence [ XUuY|<n-2
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We have |X| = deg(u) = §(G) = E] and |[Y| = deg(v) = 6(G) = [%]

Now, [X] + Y] = 5|+ 5| =n=n-1

We know that | X U Y| = |X|+ |Y]| - |X NnY]
n—2=2|XuUY¥|=2n—-1—-[XnY]|

Wehave, |XNY|=>1=XnY #0

Now, take a vertex w € X NY. Thenuvw isau - v pathin G.

Thus for every pair of distinct vertices of G there is a path between them.
Hence G is connected.

Hence the proof.
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Euler graph and Hamilton graph:
Euler path:

A path of a graph G is called an Eulerian path, if it contains each edge of the graph

exactly once.

Euler Path Examples

Euler graph:

A path of a graph G is called an Eulerian path, if it contains each edge of the graph

exactly once.
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o/

Example of Euler Graph

Eulerian Circuit or Eulerian Cycle:

A circuit or cycle of a graph G is called Eulerian circuit or cycle, if it includes each

edge of G exactly once.

Here starting and ending vertex are same.

An Eulerian circuit or cycle should satisfies the following conditions:
Starting and ending points (vertices) are same.

Cycle should contain all the edges of graph but exactly once.
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Euler Circuit Examples

cuit = ABCDFBEDA

Eulerian Graph or Euler graph:

Any graph containing an Eulerian circuit or cycle is called an Eulerian graph.

Theorem:1

A connected graph is Euler graph (contains Eulerian circuit) if and only if

each of its vertices is of even degree.
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Proof:

Let G be any graph having an Eulerian circuit and let “C” be an Eulerian circuit of
G with origin vertex as u. Each time a vertex occurs as an internal vertex of C, then

two of the edges incident with v are accounted for degree.

We, get, for internal vertex v € v(G)

d(v) = 2 X number of times v occur inside the Euler circuit C
= even degree

And, since an Euler circuit C contains every edge of ¢ and C starts and ends at u.

d(u) = 2+ 2+ X number of times u occur inside C.

= even degree Hence G has all the vertices of even degree.
Conversely, assume each of its vertices has an even degree.
Claim:

G has an Eulerian circuit.

Assume G be a connected graph which is not having an Euler circuit, with all
vertices of even degree and less number of edges. That is, any graph having less
number of edges than G, then it has an Eulerian circuit. Since each vertex of G has

atleast two, therefore G contains closed path. Let C be a closed path of maximum
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possible length in G. If C itself has all the edges of G, then G itself an Euler circuit

inG.

By assumption, C is not an Euler circuit of G and G - E(C) has some component
G' with |[E(G")| > 0. C has less number of edges than G, therefore C itself is an

Eulerian, and C has all the vertices of even degree.

Since |E(G")| < |E(G)|, therefore G’ has an Euler circuit C'. Because G is
connected, there is a vertex v in both € and C’. Now join C and C' and traverse all
the edges of C and €’ with common vertex v, we get CC’ is a closed path in G and

E(CC") > E(C) which is not possible choices of C.

Hence G has an Eulerian circuit.

Hence G is a Euler graph.

Hence the proof.

Theorem:2

Prove that if a graph G has not more than two vertices of odd degree, then

there can be Euler path in G.
Proof:

Let the odd degree vertices be labelled as IV and W in any arbitrary order. Add an

edge of G between the vertex pair (V, W) to form a new graph G'.
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Now every vertex of G’ is of even degree and hence G’ has an Eulerian trial 7. If

the edge that we added to G is now removed from T, it will split into an open trail

containing all edges of G which is nothing but an Euler path in G.
Hamiltonian Graph:
Hamiltonian Path:

A path of a graph G is called a Hamiltonian path, if it includes each vertex of G

exactly once.

Hamiltonian Path Examples
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Hamiltonian Circuit or Cycle:

A circuit of a graph G is called a Hamiltonian circuit, if it includes each vertex of

G exactly once, except the starting and ending vertices.

Hamiltonian Circuit Examples
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Hamiltonian graph:

Any graph containing a Hamiltonian circuit or cycle is called a Hamiltonian graph.

Example of Hamiltonian Graph

Properties:

(i) A Hamiltonian circuit contains a Hamiltonian path, but a graph containing a

Hamiltonian path need not have a Hamiltonian cycle.

(i1) By deleting any one edge from Hamiltonian cycle, we can get Hamiltonian

path.

(iii) A graph may contain more than one Hamiltonian cycle.

(iv) A complete graph k,,, will always have a Hamiltonian cycle, when n > 3.
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(v) A graph with a vertex of degree one cannot have a Hamiltonian cycle.

Theorem: 1

Let G be a simple indirected graph with n vertices. Let u and v be two

nonadjacent vertices in G such that deg(u) + deg(v) = nin G. Show that G

Is Hamiltonian if and only if ¢ + uv is Hamiltonian.

Proof:

If G is Hamiltonian, then obviously G + uv is Hamiltonian.

Conversely, suppose that G + uv is Hamiltonian, but G is not.

Then by Dirac theorem, we have deg(u) + deg(v) <n

Which is a contradiction to our assumption.

Thus G + uv is Hamiltonian implies G is Hamiltonian.

Hence the proof.
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Connectivity:

A graph is said to be connected if there is a path between every pair of
vertex. From every vertex to any other vertex, there should be some path to traverse.
That is called the connectivity of a graph. A graph with multiple disconnected

vertices and edges is said to be disconnected.

Example 1

In the following graph, it is possible to travel from one vertex to any other vertex.

For example, one can traverse from vertex ‘a’ to vertex ‘e’ using the path ‘a-b-¢’.

Theorem: 1

Show that graph G is disconnected if and only if its vertex set V can be
partitioned into two nonempty subsets V; and V, such that there exists no

edge in G whose one end vertex is in V4 and the other in V5.
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Proof:

Suppose that such a partitioning exists. Consider two arbitrary vertices a and b of

G suchthata € VV; and b € V,.

No path can exist between vertices a and b.

Otherwise, there would be atleast one edge whose one end vertex be in V; and the

other in V/,.

Hence if partition exists, G is not connected.

Conversely, let G be a disconnected graph.

Consider a vertex a in G.

Let I/; be the set of all vertices that are joined by paths to a.

Since G is disconnected, V; does not include all vertices of G.

The remaining vertices will form a set V.

No vertex in V; is joined to any in V, by an edge.

Hence the partition.

Hence the proof.

Components of a graph:
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The connected subgraphs of a graph G are called components of the graph G-
Theorem: 1
A simple graph with n vertices and k components can have atmost

(n—-k)(n—k+1)

. edges.

Proof:

Let ny, n,,...,n, be the number of vertices in each of k components of the graph

G.
Thenn, + ny,+...+ n, =n=|V(G)|
Cing=n (D)
NOWZ (i —-D=(—-D+Mn,—D+...+(n,— 1)
:Z{'(=1ni_k
>¥Y (-1 =n—k

Squaring on both sides

=[S, = D] = (n— k)2

>m -1+ My, — D%+ ...+ (g — D2 <n?+k%-2nk

>n2+1-2n+n,%2+1—-2n,+...+m2+1-2n, <n?+k?-2nk
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= Y in? —2n<n?+k?-2nk
=>¥ n?<n?+k*-2nk+2n—k
=>Y n?=n*+k*—k-2nk+2n
=n?+k(k—1) - 2n(k —1)
=n’+k-1Dk-2n) ...(Q2)
Since, G is simple, the maximum number of edges of G in its components is

n;(n;—1)
—

Maximum number of edges of G = ¥ #

-3 [

= %Z?:l n;? — %Z{Fﬂ n;
[n% + (k — 1) (k — 2n)] — g (Using (1) and (2))
[n? —2nk + k? + 2n — k — n]
[n? —2nk + k? + n — k]

[(n—K)?+ (n— k)]
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=-[n—k)(n—k+1)]

Maximum number of edges of ¢ < L0k

Hence the proof.
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Directed Graphs:

Connected Graph:

An directed graph is said to be connected if any pair of nodes are reachable from

one another. That is, there is a path between any pair of nodes.

Example of Connected Graph

Disconnected graph:

A graph which is not connected is called disconnected graph.

>

Example of Disconnected Graph
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Unilaterally connected:

A simple digraph is said to be unilaterally connected, if for any pair of nodes of the

graph atleast one of the nodes of the pair is reachable from the other node.
Strongly connected:

A simple digraph is said to be strongly connected, if for any pair of nodes of the

graph both the nodes of the pair are reachable from one to another.
Weakly connected:

A digraph is weakly connected, if it is connected as an undirected graph in which

the direction of the edges is neglected.
Note:

A unilaterally connected digraph is weakly connected, but a weakly connected

digraph is not necessarily unilaterally connected.

A strongly connected digraph is both unilaterally and weakly connected.

Theorem: 1

In asimple digraph ¢ = (V, E), every node of the digraph lies in exactly one

strong component.

Proof:
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Let v € V(G) and S be the set of all vertices of G which are mutually reachable

with v.

Thenv € §, and S is a strong component of G. This shows that every vertex of G is

contained in a strong component.
Assume that the vertex v is in two strong components S; and S,.

Since v € S, and any pair of vertices are mutually reachable with v, and also any

pair of vertices of S,

Are mutually reachable with v, we get any pair of vertices S; U S, are mutually

reachable through v.

Therefore, S; U S, becomes one strong component of G.

This is impossible.

Therefore every vertex of G lies in exactly one strong component.

Hence the proof.
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4.1 Semigroups and Monoids

Define Algebraic System:
* A non— empty set G together with one or more n — ary operations say *
(binary) is called an Algebraic System or Algebraic Structure or Algebra.
*  We denoted it by [G, *].
* Note: +, —, -, X, *, U, N etc are some of binary operations.
Properties of Binary Operations
Let the binary operationbe * : G X G = G.
Then we have the following properties:
Closure Property:

a*b=x¢€G,foralla,b eqG.

Commutativity Property:

a*xb =0>b=xa,foralla,begG.

Associativity:

(a*b)xc =ax(bx*c),foralla,b,ceQ.
Identity Element:

a*xe =¢ex*xa = aq,foralla €G.

‘e’ is called the identity element.
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Inverse Element:
Ifa * b = b x a = e (identity), then b is called the inverse of a and it is
denoted by b=a"1.
Left Cancellation law:
a*xb=ax*xc>b=c
Right Cancellation law:
bxa=c*xa=>b=c

If the binary operation defined on G is + and X, then we have the following table.

For alla,b,c & (G, 1) (G,X%)
G
Commutativity a+b=b+a aXb=bXa
Associativity (atb)+tc=a+(b+c) (aXb)Xc=aX(bXc)
Identity element a+0=0+a=a aX1l=1Xa=a

(0 — identity) (1 —identity)
Inverse element a+(-a)=0 aX i _ i X a=1

(-a— additive inverse) 1 o
(; — multiplicative

mnverse)
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NOTATIONS:

* Z - the set of all integers.

* Q - the set of all rational numbers.

* R - the set of all real numbers.

* C - the set of all complex numbers.

» R* - the set of all positive real numbers.

« Q7 - the set of all positive rational numbers.
Semigroups and Monoids:
Define semigroup
If a non — empty set S together with the binary operation * satisfying the following
properties
Closure Property:

a*xb=0>bx*a,foralla,bcesS.

Associativity:
(a *b)xc =ax (b *c)forallab,ceS.
Then (S,*) is called a semigroup.
Monoid:
A semigroup (S,*) with an identity element with respect to * is called Monoid. It is

denoted by (M,*).
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In other words, a non — empty set ‘M’ with respect to * is said to be a monoid, if *
satisfies the following properties

Fora,b e M

Closure Property:

a*xb =>bx*a,foralla,beM.

Associativity:

(a *b)xc =ax* (b *c)foralla,b,ceM.
Identity Element:

axe =exa = q,foralla € M.

‘e’ is called the identity element.
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4.2 Groups
Define Group
A non-empty set G together with the binary operation *,i.e., (G,*) is called
a group if * satisfies the following conditions.
(i) Closure Property: a * b = xeG,foralla,b ¢G.
(ii) Associativity: (a * b)* ¢ = a * (b * c¢) foralla,b,c €.
(iii) Identity: There exists an element e € G called the identity element such that
axe =exa = aqa,foralla €Q.

(iv) Inverse: There exists an element a~1e G called the inverse of ‘a’ such that

axal=al+a=aqa,foralla ¢G.
Define Abelian Group

In a group (G, *), ifa * b =D *a, for all a, b € G, then the group (G, *) is
called an Abelian group.
Example:(Z, +) is an Abelian group.
Define an Order of a Group

The number of elements in a group G is called the order of the group and

is denoted by O(G).
It is denoted by O(G) or |G|.
Define Finite and Infinite Group

(i) IfO(G) is finite, then G is said to be a finite group.
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(i)  If O(G) is infinite, then G is said to be a infinite group.
Theorems on Abelian Groups
Theorem: 1
If every element of a group G has its own inverse, then G is abelian.
(OR)

For any group G, if a?> = e with a # e, then G is abelian.
Proof:

Let (G, *) be a group.

Fora,be G,wehavea*xbe G

Givena = a landb = b7!

(a *b) = (axb)™?
=blxal=bs*a(-a=alt& =b"1)

=ax*b=D>b *a

=~ G 1s abelian.

Hence the proof.
Theorem: 2
Prove that a group (G, *) is abelian iff (a * b)? = a® «b* foralla,beG

Proof:
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Assume that G is abelian.

a*xb=bx*xa,a,beG - (1)

Leta? * b2 = (a*a) * (b *b)
=a=*[a=* (b*b)]  (*is Associative)

= a * [(a * b) * b] = (* is Associative)
=ax[(b*a)=*b]~ (By (1))

= (a*b) * (a*b) ~ (*is Associative)

= (a * b)*

« (a*b)? = a? x b?

Conversely assume that (a * b)? = a? * b?

To prove G is abelian.

= (a*xb) * (axb) =(axa) * (b*b)
=ax[bx(a*xb)]=ax[a=*(b=xb)] - (*isAssociative)
= bx*(a*b) =ax(bx*b) (Left Cancellation law)
= (bxa)*b=(a*xb)*b (Right Cancellation law)

= (b*xa) = (ax*bh)
~ G 1s abelian.

MAB8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Hence the proof.

Theorem: 3

If (G, *) is an abelian group, then for all a, b £ G then (a * b)" = a™ = b"™

Proof:
Let (G, *) be an abelian group and a, b €G. Then for all n € Z,

(axb)™ =a™ «b"
Case (i) Letn = 0
Thena’ =e, b° =¢, (a*b)? =e

« (axb)° =a®xh°

Hence the result is true whenn =0
Case (ii) letn = 1
Let n be a positive integer
(a*b)! =a *b?
The result is true forn = 1
Assume that it is true for n = k, so that
(a * b)* = a* * b* - (1)

To prove it is true forn = k + 1

Now (a * b)**1 = (a * b)* * (a * b)

=ak«b®xaxh
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=afx(b¥*xa)*b
=afx(axb®)xb

= (a**a) * (b *b")
— ak+1 % bk+1
Hence the result is true forn =k + 1.

Hence by induction, the result is true for positive integer values of n.

Hence the proof.

Problems on Groups:

1. Show that set R with the usual addition as a binary operation is an abelian

group.

Solution: Leta,b,c € R

(i) Closure property: Clearlya +b € R

(i) Associative property: a+ (b +c) =(a+b) +¢
(iii) Identity element: Since 0 € R, we have
>a+0=04+a=a

(iv) Additive Inverse: For a € R, we have — a € R, such that
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a+(-a)=0=(-a)+a

~ The inverse of a is—a.

(v) Commutative property:a+b =b+a foralla,b € R

~ (IR, +) is an abelian group.

Since R contains infinite number of elements, (R, +) is an infinite abelian group

2. Show that(R — {1},*)is an abelian group, where * is defined by

axb=a+b+ ab, foralla,b € R.

Solution:

Here R — {1} means the set or real numbers except 1.

(i) Closure property:

Clearlyaxb=a+b+ab e (R—- {1}) [a # —1,b # —1]

(i1) Associative property:

(ax*b)*xc=(a+b+ab) *xc

=a+b+ab+c+ (a+ b+ ab)c

=a+b+ab+c+ac+ bc+ abc (A
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ax(bxc)=ax(b+c+ bc)
=a+b+c+bc+a(b+c+ bc)
=a+b+c+bc+ab+ac+ abc ... (B)

From (A) and (B), we get

(axb)*c=ax(b=c), foralla,be (R— {1})

(iii) Identity element:

Let ‘e’ be the identity element.

Then, ax*xe=a

>a+et+ae=a

=>e(l+a)=0

=>e =0

Here ‘0’ is the identity element and 0 € (R — {1})

(iv) Inverse:

1

Let the inverse of a be a™

Then, axa =0 (identity)
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s>a+al+aal=0
>al(1+a)=-a
-1_ __a _
=a " =—-_—E€ (R— {1}
. a
~ Inverse element is — —
1+a
(v) Commutative:
>axb=a+b+ab

=b+a+ ba

=bb*xa

~axb=>bxa, foralla,be (R—- {1})

~ (R — {1}) is an abelian group.

3. Show that (Q%,) is an abelian group where *is defined by

ab
a*b:7,foralla,b € QF

Solution:

Let Q*be the set of all positive rational numbers.

(i) Closure property:
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Clearlya x b = a?be Q*

(i1) Associative property:

abc

(a*b)*cza?b*czf=a7bc .. (D
b e b
a*(b*c)=a*7c=f=% ... (2

From (1) and (2) we get,

(axb)xc=ax*(bxc),foralla,b € Q*
(iii) Identity element:
Let ‘e’ be the identity element.

Then, a*xe=a

Here ‘2’ is the identity elementand 2 € Q7
Iv) Inverse:
1

Let the inverse of a be a™

Then, axa t=2 (identity)
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. 4
= Inverse element is —€ Qt

v) Commutative:

b
Nowa*b=a7

ba ab
“bxa=—= —
2 2

~axb=bxa, foralla be QF
Hence (Q*,*) is an abelian group.
_ ([ 011 011 0711 O :
4. LetG = {[0 1][ 0 1],[0 _1],[ 0 _1]} Show that G is a group
under the operation of matrix multiplication.

Solution:

eti=[0 A=t Se=[d et O

~ G = {I,A,B,C}. Since it is finite set we shall form Cayley table and verify the

axioms of a Group.
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| is the identity element.

A-1=1-A=A B-I1=1B=B,C-1=1-C=C

wena= [ U0 913 2=

vl AR P
=[5 -1 5
R IR
cocoe= [ SIS0 3
B R A Rl

= [ SI 1= -0
Similarly BA=C, CB= A

Cayley table:
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A A I C B
B B C I A
C C B A |

(i) Closure property:

The first line of the table contains only all the elements of G. So G is closed under

matrix multiplication.

(if) Associative property:

Since matrix multiplication is associative it is true for G also. So Associative is

satisfied.

(iii) Identity element:

| is the identity element.

(iv) Inverse:

Inverse of Ais A, BisB and C is C.

So (G, -) is a group under matrix multiplication.
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5. Check whether H; = {0, 5,10} and H, = {0, 4, 8,12} are subgroups of

Z 15 with respect to +1s.

Solution:

The addition tables (mod 15) for the sets H; and H,, is given below:

For H;

For H,

+.5]0 |5 |10
0 [0 |5 |10

5 [5 |10 |0

10 (10 [0 |5

510 |4 [8 [12
0 [0 |4 |8 |12
4 4 |8 |12 |1
8 [8 |12 |1 |5
12 (12 [1 [5 |9
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Here all the entries in the addition table for H; are the elements of H;.

~ Hy is a subgroup of Z;s.

Also all the entries in the addition table for H, are not the elements of H,.

=~ H, is not closed under addition.

= H, is not a subgroup of Z;s.
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4.3 Subgroups

Define Subgroups

Let (G, *) be a group. Then (H, *) is said to be subgroup of (G, *) if H € ¢ and
(H, =) itself is a group under the operation

I.e., (H, =) is said to be a subgroup of (G, *) if

* e ¢ H, where e is the identity in G.

e ForanyaeH,aleH

e Fora,beH,axbeH
Define Trivial and Proper Subgroups

* ({e}, #) and (G, =) are trivial subgroups of (G, *).

« All other subgroups of (G, *) are called proper subgroups.
Examples of Subgroups:

* (Z, +)is a Subgroup of (Q, +)

* (Q, +)isa Subgroup of (R, +)

* (R, +) is a Subgroup of(C,+)
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Example of Subgroups

Find all the subgroups (z12,+12)

Solution:

z12=40,1, 2, 3,4,5, 6,789, 10, 11}

Let S1={0, 6}

« S2=A0, 4,8}

- 53=A0,3,6,9}

« 54=A0,2,4,6,8}

* 51,852, 53, S4 are proper subgroups of (z12, +12)

({0}, +12) and (z12, +12) are its trivial subgroup
Theorems on Subgroups:
Theorem: 1

State and prove the necessary and sufficient condition for a subset of a

group to be subgroup.
Statement:

Let (G, *) be a group. H is a nonempty subset of G, then H is a subgroup of G
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if and only if whenever a, b € H = a * b1 € H for all

a,b eEH

(Definition: (G, *) be a group, H nonempty subset of G. H is a subgroup of G if

H itself is a group under the same binary operation =)

Proof:

Necessary Part

Let (G, *) be a group. H is a nonempty subset of G.

Assume that H is a subgroup of G.

By definition, (H, ) is a group.

Soa, b € H= b€ H by inverse property

= a * b € H by closure property

Sufficient Part

Let (G, *) be a group. H is a nonempty subset of G.

Assumea,beEH=a*b'leH —
Claim: H is a subgroup of
G i.e., (H, *) is a group.

H is nonempty so let a € H
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(iii) Identity
Now a, a € H by (1)

axal€eH
il.e., e €H
Identity exists

(iv)Inverse

Leta € H. Now by previous step e € H
Now e, a € H by (1)

>exalteH

>e€H

Hence Inverse exists.

(i) Closure

Leta, b € H by previous step b € H
Now a, bt € H by(1)
>a*x(b)teH

>axb€H
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Closure is verified.

(if) Associative

a,bceH HESG,a,b,c€eG
ING(a*xb)*xc=ax*(b=*c)

~InH(a*xb)*xc=ax(bx*c)

Associative is verified.
(H, *) be a group.

Hence H is a subgroup of G.

Hence the proof.
Theorem: 2

Prove that intersection of two subgroups of a group (G, *) is a subgroup of

(G, *). Also, prove that union of subgroups need not be a group.
Proof:

Let (G, *) be a group. H and K are non — empty subgroups of (G, ). Both
H and K satisfying the following necessary conditions

Leta, beEH=>axbleH

Leta,bEK=>axblteK ...(1)
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Consider the subset H N K of G

(i) Since H is a subgroup of G, e eH
Since K is a subgroup of G, e € K
~e€eHNK
so, H N K is a non — empty subset of G.

(i) Leta,be HN K
By Sufficient condition for aSubgroup

We needtoprovea* b€ HNK

a,beHanda,b €K
By(l)axb*e HNK

~ H N K is a subgroup of (G, *)
Hence the proof.
Now we are going to Prove that Union of two Subgroups of a group need

not be a Subgroup.

Let us prove the above fact by giving counter examples

Consider G = set of integers under addition (Z, +)
={..,-3,-2,-1,0,1,2,3,...}
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e« H=2z={ .., -6, —4, —-2,0,2,4,6,...}

« K=3z={..., -9, -6, -3,0,36,9, ...}

H and K are subgroups of (Z, +)

Huk={...,-9,-6,-4,-3,-2,0,2,3,4,6,9,...}

H U K is not closed under addition.

As23€EHUKbDUt2+3=5¢¢HUK

So H U K is not a subgroup of (Z, +).

Hence the proof.

Cyclic Group:

Define Cyclic Groups

A group (G, =) is said to be cyclic if there exists an element a € G such that every

element of G can be written as some power of “a”.

I.e., a*for some integer n.

G is said to be generated by “a” (or) “a” is a generator ofG.

We write G= <a>
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Examples:

The set of complex numbers {1, — 1, i, — i} under multiplication operation is a

cyclic group.
There are two generators —iandiasit =1,i2= -1, =—i,i*=1and also

(i)t =—i, (i)?>=-1, (=i)® = i, (-i)* = 1 which covers all the elements of the

group.

Hence it is a Cyclic Group.

However -1 is not a generator.

Theorem: 1

Every Subgroup of a Cyclic group is Cyclic.

Proof:

Let H be a cyclic group generated by an element a € G.

-~ Every element in G can be expressed as a power of the element “a”.

Let H be a subgroup of G.

If H = {e}, then H is a subgroup of G and it is cyclic.
=~ The result is trivial.

Suppose H # {e} then there exists an element x € H with x # e.
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~ x = ak for some integer k.

Let m be the least positive integer such that ame H.
Let b € H then b = a" for some integer n.

Letn=mqg+rwhere0<r<m
=>b=ar

= b =aMmq*r

> b=a™ *qa"

= b= (am)ix*ar

=>ar= b/(am)q

=>a" =bx (am)1

Now b € H, (am)9e H and H is closed in .
- we have b x (am) 9 H

This shows that there exists an integer “r”” such that o <r < m with a"eH.
Since m is the least positive integer for which ame H, are H witho <r <m is

not possible.

~1r=050b=qm™
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= b= (am)

Every element b € H is expressed as a power of a™.
I.e., H is generated by the element ame H

H is a cyclic group generated by a™.

Hence, every subgroup of a cyclic group is

cyclic.

Hence the proof.
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4.4 Cosets

Define Left Coset and Right Coset of H in G.

Let (H, *) be a subgroup of (G, *).

For any a € G, the left coset of H, denoted by a * H, is the set
axH={axh:heH}forallaeG

For any a € G, the right coset of H, denoted by H * a, is the set
Hxa={h~a:heH}forallaeG

Theorem: 1

Let (H, =) be a subgroup of (G, *). Then any two left Cosets (right Cosets)

of H of a group (G, *) are either identical or disjoint and the

union of distinct left Cosets of H is G (or) The set of all distinct left Cosets

of the subgroup H of the group (G, =) forms a partition of G.
Proof:

Leta, beG

Consider the Cosets a * Hand b * H

We shall provethatax H=b+«H (or)a* HNb*xH=0
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SupposeaxHNb*xH#Q

Letcea*x HNb*xH=0
=>ceaxHandcebx*H
Letc=axhiandc=b=hpforall h1,h2 e H
~axhl=bxh2

1

Take 41  on both sides

= (axh1)*h L=(b*h)xhy L

=>a* (hl * hl_l) =pb % (/’lz * /’ll_l)

:a*e:b*hgwhereh:g:hz*hl_l

>a=bx*h3
= a€bx*h3
=a*xHCSbxH...(1)

lirlybxH < ax*xH...(2)

From (1) and (2) we have a * H=b * H

~ Any two left cosets are either identical or distinct.
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Each element of the left Coset a = H is also an element of G.

=~ Every left coset of a * H is a subset of G.
Hence Ugeca*xHCS G ... (3)

IfaeG, aeax HthenaeUgeca x H

GS UsgegaxH...(4)

~The set of all distinct left cosets of H is a partition “n’ of the group G.
Hence the proof.

LAGRANGE’S THEOREM:

The order of a subgroup of a finite group is a divisor of the order of the

group.

i.e., if H is a subgroup of a finite group (G, *) then O(H) divides O(G).
Proof:

Let (G, =) be a finite group of order n and H be a subgroup of G with order m.

=>0H)=m&O0(G)=n
: O(H)
We will prove that 0(G)

Since H contains m distinct elements, every left cost of H contains exactly m

elements.
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(Write the theorem: 1)

Letap «H,a2 «H, ..., ak * H be the distinct left cosets of
H. LetG =a1*H Uax*xH U ... Uar*xH

0(G)=0(a1 * H)+ 0(a2 * H)+...+ O(ak * H)
=0(H)+ O(H) +...+ O(H)
=m+m+...+m(ntimes)

=>n=mk

=mwm=k

= mdivides n.

This means that O(H)/O(G).

Hence the proof.

Normal Subgroup

A subgroup (H,*) of (G,*) is said to be normal subgroup of G, for x € G and for

heH,ifx xh=h =x (or)forall x € G,xH = Hx
Note:

Consider H as a subgroup of G, then the subgroup H is said to be normal,
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forallx e G,x«h*xx ' =H(or)forallx e G,x*h*x"t € H
Theorem: 1
Every subgroup of an abelian group is normal.
Proof:
Let (G,*) be an abelian group and (H,*) be a subgroup of G.
Let x € G be any element.
ThenxH = {x xh /h € H}

= {hxx /h € H} (G is abelian)

= Hx
Since “x” is arbitrary, xH = HxV x € G
Hence H is a normal subgroup of G.

Hence the proof.

Theorem: 2

Prove that intersection of two normal subgroup of (G,*)is a normal subgroup

of (G,*).
Proof:
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Let (H,*) and (K,*)are two normal subgroup.
= H and K are subgroups of G.
= H N K is a subgroup of G. (Already proved)
To prove (H N K, =) is a normal subgroup of (G,*).
Let h € H N K be any element and x € G be any element.
Thenx e Gandh e Hand h € K
Since H and K are normal, x xh *x™1 € H...(1)
andx* h* x"1e K...(2
From (1) and (2) we get,

x *h xx"1e HnK
Hence H N K is a normal subgroup of G.

Hence the proof.
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4.5 Homomorphism
Let (G, -) and (G',*) be any two groups.

A mapping f: G — G' is said to be a homomorphism, if f(a-b) = f(a) * f(b)

forany a,b € G is called a group homomorphism.

Example: (i)

Let f: (Z,+) - (Z,+) givenby f(x) = 2x V x € Z is a homomorphism.
For,x,y €Z,f(x+y)=2x+y)=2x+2y=f(x) + f(y)
Example: (i)

Let f:(R,+) — (R*, -) givenby f(x) = e* ¥V x € R is a homomorphism.
For,x €R, f(x+y) =e*V =e*-e¥ = f(x) - f(y)

Isomorphism:

Let (G, -) and (G', *) be any two groups. A mapping f: G — G’ is said to be

iIsomorphism if

() fisone—one
(i) fisonto

(iti)  fis homomorphism
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Types of Homomorphism

(i)  Iffis one—to— one then f is monomorphism.
(i) (i) If fis onto then f is epimorphism.

Theorem: 1

Homomorphism preserves identities.

Proof:

Leta € G

Let f be a homomorphism from (G, *) and (G', *)

Clearly f(a) € G’

= f(a) e’ = f(a) (e’ —identity inG")

= f(axe) (e — identity in G)

= f(a) * f(e) (f—homomorphism)

= e’ = f(e) (Left cancellation law)

Hence f preserves identities.

Hence the proof.

Theorem: 2

MAB8351 DISCRETE MATHEMATICS



JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Homomorphism preserves inverse.
Proof:
Leta € G
Since Gisagroup,a ! €G
SinceGisagroupa*al=alxa=e
Consideraxa !l =e
= f(axa™) = f(e)
=S f(a)xfa ) =€~ e = f(e),f is homomorphism
= f(a™1) is the inverse of f(a) € G’
Hence [f(a)]™' = f(a™)
Hence f preserves inverse.
Hence the proof.

Kernal of Homomorphism

Let f: G — G' be a group homomorphism. The set of elements of G which are

mapped into e’ (identity in G') is called the kernel of fand it is denoted by ker(f)

ker(f) = {x €G /f(x) =e'}
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Theorem: 1

Kernel of a homomorphism of a group into another group is a normal

subgroup.

Proof:

Let (G,+) and (G', @) be two groups.

f:(G,x) - (G', @) is ahomomorphism.

Define ker(f) = {x € G /f(x) =e'}

Claim: Ker f is a normal subgroup of G

We know that homomorphism preserves identity.

i.e.,f(e) = e',soe € kerf

=Ker f is non empty.

(i) a,b € ker f = a * b~ € kerf then ker f is a subgroup.
a € kerf = f(a) = e’ by definition of ker f

b € kerf = f(b) = e’ by definition of ker f

Since homomorphism preserves inverse = [f(a)]™! = f(a™)

Now f(axb™1) = f(a) ® f(b™1)
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=f@ @ [f(m]™

=e' Pe’

=>axb™1! €kerf

Hence kerf is a subgroup of G.

(iii)Let a € kerf = f(a) = e’ by definition of kerf
Homomorphism preserves inverses = [f(a)]™! = f(a™1)
Sof(gt*xaxg)=f(g D f(a)®f(9)

[f( DI P De D f(g)

= [f()I"* & f(9)

Hence by definition, g~ * a x g € kerf
Hence kerf is a normal subgroup.
Hence the proof.

Theorem:2
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Fundamental theorem of group homomorphism

Every homomorphic image of a group G is isomorphic to some quotient group

of G.
(OR)
Let f: G » G’ be a onto homomorphism of groups with kernel K, then % = G

Proof:

Let f be the homomorphism f: G — G’

Let G’ be the homomorphic image of a group G.
Let K be the kernel of this homomorphism.

Clearly K is a normal subgroup of G.
Claim: < = ¢’
K
Define (p:% - G'byp(K *a)=f(a)foralla € G

(1) ¢ is well defined.
Wehave K xa= Kx*b
=>as*xb !l eK

= f(a xb ) =¢ (e’ is identity)
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= f@)«fb) =
= fla)«[f(D)] ' =e
= f(a) = [f(D)]™ * f(b) = e’ = f(b)
= f(a) = f(b)
> 9K *a) = p(K * b)
Hence ¢ is well defined.
(i)  To prove ¢ is one — one.
Toprove p(K xa) = p(K xb) > K+xa = K xb

We know that ¢ (K * a) = @(K * b)

= f(@) = f(b)

> f@)« fO™) = f(b)* f(b™)
=f(b+b™")
= f(e)

=>fla)«f(b™H=e
= flaxb ™) =¢
>axb lek

=>K xaxb 1=K
=>K+a= Kx*b

Hence ¢ is one — one.
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(iii) ¢ is onto.

Lety € G’

Since f is onto, there exists a € G such that f(a) =y
Hence (K *a) = f(a) =y

Hence ¢ is onto.

(iv) ¢ is a homomorphism.

Now (K *a * K*b) = @(K *a *b)
= f(a*b)
= f(a) = f(b)

= (K * a) (K * b)

Hence ¢ is a homomorphism.

. . . . . . G
Since ¢ is one — one, onto, homomorphism ¢ is an isomorphism between p and G'.
G
Hence — = G’
K

Hence the proof.
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Hasse Diagram:
Pictorial representation of a Poset is called Hasse Diagram.
Example:

If X ={2,3,6,12,24,36} and the relation R defined on X by R =

{(a,b)/a/ b}. Draw the Hasse diagram for (X, R).
Solution:

The relation

R = {(2, 6) (2,12 )(2,24) (2,36) (3,6) (3,12) (3,24) (3,36) (6,12) }

(6,24) (6,36) (12, 24) (2,36)

The Hasse Diagram for (X, R) is
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Special Elements of a Poset:

Let (P, <) be a Poset. Anelement a € P is called least element in P, if a < x for

all x € P.

Anelement b € P is called greatest element inP, if b > x forall x € P

Note:

The least element is called “0” element and the greatest element is called “1”

element.

Example:

Consider the following Hasse Diagram
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In (i) “a” is the least element and “d” is the greatest element.
In (i1) “g” is the greatest element and there is no least element.
In (i11) “1” is the least element and there is no greatest element.
Definition:

Let (P, <) be aPoset an A be any non - empty subset of P. An element a € P is an

upper bound of A, if a = x for all x € A.

An element b € P is said to be lower bound in P, if b < x for all x € A.

Least Upper Bound: (LUB)

Let (P,<)be a Posetand A < P. Anelement a € P is said to be least upper bound

(LUB) or supremum (sup) of A, if a is a upper bound of A.

a < c, where c is any other upper bound of A.

Greatest Lower Bound: (GLB)

Let (P,<)be a Posetand A € P. Anelement b € P is said to be least upper bound

(GLB) or infimum (inf) of A, if b is a lower bound of A.

b = d, where d is any other lower bound of A.
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Examples:

1.1f X ={1,2,3,4,6,12} and the relation R defined on X by R =

{{(a,b)/a/ b}. Find LUB and GLB for the Poset (X, R).
Solution:

The relation

R = {(1, 2)(1,3)(1,4)(1,6)(1,12) (2,4)(2,6) (2,12) (3,6) (3,12) (4,12) }

The Hasse Diagram for (X, R) is
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Table for LUB and GLB

UB{1,3} ={3,6,12} LB{1,3} = {1}

LUB{1,3} = 3 GLB{1,3} =1

UB{1,2,3} = {6,12} LB{1,2,3} = {1}

LUB{1,2, 3} =6 GLB{1,2, 3} =1

UB{2,3} = {3,6,12} LB{2,3} = {1}

LUB{2,3} =6 GLB{2,3} =1

UB{2,3,6} = {6,12} LB{2,3,6} = {1}

LUB{2,3,6} =6 GLB{2,3,6} =1

UB{4, 6} = {12} LB{4,6} = {1,2}

LUB{4,6} = 12 GLB{4,6} = 2

2.1f X ={2,3,6,12,24,36} and the relation R defined on X by R =

{(a, b)/a/ b}. Draw the Hasse diagram for (X, R).
Solution:

The relation

- {(2, 6) (2,12 )(2,24) (2,36) (3, 6) (3, 12) (3,24) (3,36) (6,12)
- (6,24) (6,36) (12,24) (2,36) }

The Hasse Diagram for (X, R) is
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Table of LUB and GLB

UB{2,3} = {6,12, 24, 36} LB{2, 3} =does not exists

LUB{2,3} =6 GLB{2, 3} =does not exists

UB{24, 36} = does not exists LB{24,36} = {2,3,6,12}

LUB{24, 36} = does not exists GLB{24,36} = 12
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Lattice:

A Lattice is a partially ordered set(Poset) (L, <) in which for every pair of

elements a, b € L, both greatest lower bound (GLB) and least upper bound (LUB)

exists.

Note:

(i) GLB {a,b} =axb(or)aAb(or)a-b
(ii) LUB {a, b} = a®b (or)aVv b (or)a+ b
Properties of lattice:

Some important laws and its proof:

(i) Idempotent law:

avVa=a,alNa=a

(i) Commutative law:

aVb=bVvaand aANb=bAa

(ii1) Associative law:
aVbvec)=(avb)vcandaA(bAc)=(@@Ab)Ac
(iv) Absorption law:

aV(aAb)=aandaA(aVb)=a

MAB8351 DISCRETE MATHEMATICS




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

(v) Distributive law:

aN(bvc)=(aAb)V(aAc)

avVbArc)<(avb)A(aVc)

Note:

a<aVbandb<aVb

a V b is the upper bound of a and b.

Ifa<cand b<cthenavb<c

Hence a V b is the lub of a and b.

(ilaAnb<aandaAb<bh

a A b is the lower bound of a and b.

Ifc<aandc<bthenc<aAb

Hence a A b is the glb of a and b.

Note:

Ifa<banda<cthena<bVvc

Ifa<banda<cthena<bAc

Problems:

MAB8351 DISCRETE MATHEMATICS




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

1. State and prove Idempotent law:

Let (L, A, V) be given lattice. Then, for any a,b,c € L,
ava=aala=a.

Proof:

GivenaVa =LUB (a,a) =LUB (a) = a
Henceava=a

Now,aAa =GLB (a,a) =GLB (a) = a

HenceaAa =a

Hence the proof.

2. State and prove Commutative law:

Let (L, A, V) be given lattice. Then, for any a,b,c € L,

avVb=bvaand anNb=bANa

Proof:

GivenaVvb =LUB (a,b) =LUB (b,a) =bVa

Henceavb=bVa

Now,aAb =GLB (a,b) =GLB (b,a) =bAa
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HenceaAb=bAa

Hence the proof.

3. State and prove Absorption law.

(or)

ProvethataVv (aAb) =aandaA(aVvb) =a

Proof:

WehaveaAb <aanda <a

= a is the upper bound of a A b and a.

>aV(aAb)<a...(l)

From the definition of lub we have

>a<aV(@aAb)...(2

From (1) and (2) we haveaVv (aAb) =a

Similarly we can prove thata A (aV b) = a

Hence the proof.

4. Every finite Lattice is bounded.

Proof:
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Let (L, A, V) be agiven lattice.

Since L is a Lattice both GLB and LUB exist.

Let “a” be GLB of L and “b” be LUB of L.

Thenforany x € L, wehavea <x < b

From (1)

GLB{a,x}=aAx=a

LUB{a,x}=avx=x

And

GLB{x,bp}=xAb=x

LUB{x,b}=xVvb=0»b

Therefore any finite lattice is bounded.

Hence the proof.

5. State and prove Isotonicity property.

aANb<aAc
avb<aVc

Let (L, <) be a lattice. Forany a,b,c € Lthenb < ¢ = {

Proof:

By consistency law we have,a < b © aAb=aandaVb =a
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Letb<c=>bAc=bandbVc=c

Consider (a Ab) A(anc) =aA[(bAa)Ac] by Associative law

=aA[(anb)Ac] by Commutative law

=(ana)A(bAc) by Associative law

=aA(bAc) by Idempotent law

=aAb by [b Ac = b]

Hence (aAb)A(aAc)=aAb

>aAb<aAlc .. (1)

Consider (avb)A(avec)=aVv[(bVva)Vc]

by Associative law
=aV[(aVvb)Vc] by Commutative law

=(ava)Vv(bVc) by Associative law

=aV(bVc) by Idempotent law

=aVvb by [bVc = b]
Hence (avb)A(aVc)=aVhb

>aVb<aVc ... (2

Hence the proof.
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6. State and prove Distributive law.

aN(bvc)=(anb)V(aAc)

aV(bAnc)<(avb)A(aVc)

Proof:

We know thata Ab <aandaAb <b

Alsob<bvVc

HenceaAb<aandaAb<b<bVc

Hence a A b is the lower bound of aand b V c.

>aAb<anvc) ...(1

Again aAnc<aandaAc<c

Alsoc<bVc

HenceaAc<aandaAc<c<bVc

Hence a A c is the lower bound of aand b V c.

>aAc<aAn(bVc) ...(2)

From (1) and (2) we have

a A (bVc)isthe upperboundofaAband a Ac
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Hence (aAb)V(aAc)<aA(bVc)
>aAbVvc)=(aAb)v(anc) ...()
We know thata <avbanda<aVvb
AlsobAc<b
Hencea<avbandbAc<b<aVb
Hence a Vv b is the lower bound of aand b A c.
=> aVbAc)<avb ...(3)

Again a<aVaandc<aVc
Alsobnc<c
Hencea<aVvVcandbAc<c<aVc
Hence a V c is the upper bound ofaand b A c.
>aV((bAc)<aVvc ...(4)

From (3) and (4) we have

aV (b Ac)isthe lower boundofavbandaVc

>aVbAc)<(avb)Aa(avc) ...

Hence the proof.
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7. State and prove Cancellation law.

Let (L, <) be a distributive lattice. Thenavb =avcandaAb=aAc =

b=cVabceL

Proof:

By absorption law, we have a VvV (a Ab) = a

Consider b = bV (a Ab)

=bV(aAc)

=(aVvb)A(bVc)

=(ave)A(bVc)

=(aAb)Vc

=(aAc)Vc

Hence the proof.

8. State and prove Consistency Law.

Let (L, <) be a lattice. Thena<b© aAnb=a< aVvb Vab,ceL

Proof:

MAB8351 DISCRETE MATHEMATICS




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Firstwe provethata < b < aAb=a

We assume that a < b

Toprove aAb =a

Wehavea<banda <a

= a is the lower bound of a and b.

sa<aAb .. ()

By the definition of greatest lower bound

s aAb<a ... (2)

From (1) and (2) we have,a = a A b

Conversely assume thata = a A b

Toprovea <b

This is possible only when a < b

Hencea<b & aAb=a

Next we provethataAb=a < aVvb=0>b

AssumethataAb = a

ToproveaVvb =b

MAB8351 DISCRETE MATHEMATICS




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

By absorptionlaw aVv (aAb) =aandaA(aVb) =a

Consider b = bV (a Ab)

=bVa

Henceav b =0»>

Conversely assumethatav b = b

ToproveaAb =a

By absorption law a A (aV b) = a

Considera =a A (aV b)

=aAb

HenceaAb=a< aVvb=>»

9. Show that a chain is a lattice.

Proof:

Let (L, <) be a lattice.

Ifa,beLthena<borb<a

Ifa<bthenaAb=aandaVvb=»>

Therefore GLB and LUB of a and b exists.
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Ifb<athenbAa=bandbVa=a

Therefore GLB and LUB of a and b exists.

Hence every pair of elements has a GLB and LUB.

Hence chain is lattice.
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Duality in Lattice:

When " < " is a partial order relation on a set S, then its converse " > " is also a

partial order relation on S.
Distributive lattice:

A lattice (L, A, V) is said to be distributive lattice if A and V satisfies the

following conditions Va,b,c € L
Di:av(bAc)=(aVvb)A(aVc)
Dyan(bvc)=(aAb)V(aAc)

Modular Inequality:

If (L, A, V) isa Lattice, thenforany a,b,c e L,a<ce aV (bAc) <

(av b) Ac.

Proof:

Assume a < ¢

=2>aVvVc=c .. ()

By, distributive inequality, we have

aV(bAc)<(avb)A(aVc)

>aV(bArc)<(avb)Ac (Using (1))

MAB8351 DISCRETE MATHEMATICS




JAI RUBAA COLLECGE OF ENG NEERI NG TI RUPPUR

Therefore,a <co av(bAac)<(aVvb)Ac.

Conversely, assumeaV (bAc) < (aVb)Ac

Now, by the definition of LUB and GLB, we have

a<aVbAc)<(avb)Ac<c

>a<sc

HenceaVvV (bAc)<(aVb)Ac=>a<c ...(3

From (2) and (3), wehavea <c < aV(bAc) < (aVb)Ac.

Hence the proof.

Modular Lattice:

A Lattice (L, A, V) is said to be Modular lattice if it satisfies the following

condition.

M;:ifa<cthenav(bAc)=(aVb)Ac

Theorem: 1

Every distributive Lattice is Modular, but not conversely.
Proof:

Let (L, A, V) be the given distributive lattice
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Di:av(bAc)=(avb)A(avce) ...(1)

Now, ifa < cthenavc=c ...(2

DM =2avbAc)=(aVvb)Ar(aVc)

= (aVvb)Ac (using (2))

Ifa<cthenav(bAc)=(aVb)Ac

Therefore every distributive lattice is Modular.

But, converse is not true.

I.e., Every Modular Lattice need not be distributive.

For example, Mg Lattice is Modular but it is not distributive.

Hence the proof.

Theorem: 2

In any distributive lattice (L, A, V) Va, b,c € L. Prove that

avb=aVvcaNnb=aANc=>b=c

Proof:

Considerb = bV (b A a) (Absorption law)

=bV(aAb) (Commutative law)
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=bV(aAc) (Given condition)
=Mbva)A(bVc) (D1 — Condition)
=(avb)A(bVc) (Commutative law)
=(avc)A(bVec) (Using given condition)
(cva)A(cVvb) (Commutative law)
cV(aAb) (By D1- condition)
=cV(aAc) (Given Condition)
=cV(cAa) (Commutative law)
(Absorption law)

Lattice as a Algebraic system

A Lattice is an algebraic system (L, A, V) with two binary operation A and v on L

which are both commutative, associative and satisfies absorption laws.

SubLattice:

Let (L, A, V) be a lattice and let S € L be a subset of L. Then (S, A, V) isa

sublattice of (L, A, V) iff S is closed under both operation A and v.

Va,b €S >aANbeSandaVbES
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Lattice Homomorphism:
Let (Ly, A, V) and (L,, *, @) be two given lattices.

A mapping f:L; — L, is called Lattice homomorphism if Va,b € L,

flanb) = f(a)* f(b)

flavb) = fla)®f(b)

A homomorphism which is also 1 — 1 is called an isomorphism.
Bounded lattice:

Let (L, A, V) be a given Lattice. If it has both “0” element and “1” element then it

is said to be bounded Lattice. It is denoted by (L, A, Vv,0,1)

Complement:

Let (L, A, V,0,1) be given bounded lattices. Let "a" be any element of L. We say
that "b" is complement of a, ifaAb =0and aVv b = 1 and "b" is denoted by the

symbol a’. i.e., (b = a'). Thereforeana’ =0andaVva' = 1.

Note: An element may have no complement or may have more than 1

complement.

Example for a complement.
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Complementof a = a’ isb and c.

Complement of b = b" isa and c.

Complement of ¢ = ¢’ isa and b.

In the example given below:
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Complement of does not exist.
Complement of b does not exist.
Complement of ¢ does not exist.
Complemented Lattice:

A bounded lattice (L, A, V,0,1) is said to be a complemented lattice if every

element of L has atleast one complement.

Complete Lattice:

A lattice (L, A, V) is said to be complete lattice if every non empty subsets of L

has both glb &lub.

1. Prove that in a bounded distributive lattice, the complement of any element

IS unique.

Proof:

Let L be a bounded distributive lattice.

Let b and ¢ be complements of an element a € L.

Toprove b = c

Since b and ¢ are complements of a we have

aANb=0,avb=1laAc=0,avc=1
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Nowb =bA1

=bA(aVc)

=MbAa)Vv(bAc)

=(aAnb)V(bAc)

=0Vv(bAc)

=(anc)V(bAc)

=(aAb)Ac

=1Ac

Hence the proof.

2. Prove that every distributive lattice is modular.
Proof:

Let (L, <) be a distributive lattice.

Leta,b,c € Lsuchthata < ¢

Toprovethata<c=aVv(bAc)=(aVb)Ac

Assume that a < ¢
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Toprovethatav (bAc)=(aVb)Ac

Whena<c=aVvc=c

ThereforeaVv (bAc) =(aVvb)A(aVc)
=(aVvb)Ac

Henceav(bAc)=(aVvb)Ac

Hence the proof.

3. Show that in a complemented distributive lattice, a < b < a+xb' =0 &

adb=1ob' <a (or),a<bsarb ' =0adVvb=1<b' <da
Proof:
To prove (i) = (ii)

We assume that a < b

Toprovethata Ab' =

Weknowthata <b=>aAb=aandaVb=»>

WetakeaVvb=>b

=>(aVvb)Ab =bAb' =0

=>(aAb)v((bAb)=0
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=>(aAb)v0=0
=>(@Ab)=0

Hence (i) = (ii)

To prove (ii) = (iii)

We assume thata Ab" = 0
Toprovethata' vb =1

Taking complement on both sides
=>(@Ab') =0

>a Vvb=1

ThereforeaAb' =0=>a'vb =1
Hence (ii) = (iii)

To prove (iii) = (iv)

Assumethata’ vb =1

To prove that b’ < d’

Nowa vb=1

=s>(@vb)Aab' =1-b'
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=> (@ Vvb)Ab =Db'

=s>@Ab)YNDBAD) =D

=@ Ab')v0=>b'

= (@' Ab") =D’

= (b' Aad’) = b' by Commutative law

Thereforea’ vb=1=b' <d’

Hence (iii) = (iv)

To prove (iv) = (i)

Assume that b’ < a’

To prove thata < b

We have (b’ Aa’) = b’

Taking complement on both sides

= (b/ /\Cl’)’ — (br)r

=>bVa=>»

Thereforeavb=b>a<b

Hence (iv) = (i)
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!

Hencea<boaAb' =0 a'vb=1ob' <a

Hence the proof.

4. State and prove DeMorgan’s law of lattice.
(OR)

Let (L, A, V,0,1) is a complemented lattice, then prove that

1.(anb) =a Vvb'

2.(avb) =a ADb'

Proof:

1.Claim: (aAb) =a' vDb'

To prove the above, it is enough to prove that

(i) (aAb)A(@ vb')=0

(ii) (anb)v(@ vb')=1

(YLet(aAb)A(a'" VD)

= ((@anb)na’)v((@anb) Ab) (Distributive law)

> (aAnbAra)v(aAbADb") (Associative law)

= ((0ADb)V(an0) (bAD" =0)
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=>0vO0

Hence (a Ab)A(a’ Vb)) =0

(i Let (aAb)A(a' VD)

= (av (@ vb))A(bv(a Vb)) (Distributive law)
=s>(avbva)A(avbVvb) (Associative law)
=>Avb)A(aVv1l) (bvb' =1)
>1A1=1 (an0=0)
Hence (aAb)A(a’'VD') =1 ... (2)

From (1) and (2) we have, (a Ab) =a' v b’

2.Claim: (avb) =a' A Db’

To prove the above, it is enough to prove that

(i) (avb)A(@ Ab')=0

(ii) (avb)v(a Ab') =1

(YLet(avb)A(a'AD")

= (an(@ Ab))Vv(bA(a ADY) (Distributive law)

s> (ana AD)V((bAD Aa') (Associative law)
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=>O0Ab)V(OAQ) (bAb' =0)
=>0V0 (an0=0)
Hence (avb)A(a’ Ab') =0 ...(3)

(i Let (avb) Vv (a"AD")

= ((avb)va)Aa((avb)vh') (Distributive law)

> (avbva)A(avbVvb') (Associative law)
=>@Avb)A(aVvl) (bvb' =0)
=>1A1=1 (Idempotent law)
Hence (avb)Vv(a' Ab") =1 .4

From (3) and (4) we have, (aVv b) =a' ADb’
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Boolean Algebra:
A complemented distributive lattice is called Boolean Algebra.

A Boolean algebra is distributive lattice with “0” element and “1” element in

which every element has a complement.

A Boolean algebra is a non empty set with 2 binary operations A and v and is

satisfied by the following conditions. Va, b,c € L

1. L;zaha=a andaVa=a

2.L,;aANb=bAa andaVb=bVa

3.Lyzan(bAc)=(anb)Ac andaV (bVc)=(aVb)Vc

4.Ly;an(avb)=a andaVv(aAb) =a

5. D;:av(bAc)=(aVb)A(aVc)

6. D,;an(bvc)=(aAb)V(aAc)

7. There exist between “0” and “1” suchthata A0 =0,avV0=a,aA1l = aand

aVl=1Va

8. Va € L, there exist corresponding element a’ in L such thata A a" = 0 and

ava =1
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Note:

Boolean Sumisdefinedas1+1=1,1+0=1,0+1=1,04+0=0

Boolean Productisdefinedas1-1=1,1-0=0,0:-1=0,0-0=0

Absorption law in Boolean Algebra

1. Prove thata + ab = a

Solution:

LHS=a+ ab

=a(1+ b) (Distributive law)

=a(l) 14+a)=1

a+ab=a (a-1=a)

2. Provethata+ab=a+»b

Solution:

LHS=a+ ab

=a+ab+ab (a =a+ ab)

=a+bla+a) (Distributive law)

=a+ b(1) (a+a)=1 (@a-1=a)
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= RHS

3. Prove that (a+ b)(a+ c) = a+ bc

Solution:

LHS=(a+ b)(a+c)
=aa + ac + ab + bc (Distributive law)
=a+ac+ab+ bc (a-a=a)
=a(l+c)+ab+bc (Distributive law)
=a+ab + bc 1+a=1)
=a+ bc (a+ab =a)

=RHS

4. In any Boolean Algebra, show that a=b < ab+ab =0

Proof:

Let (B,-,+,0,1) be any Boolean Algebra.
Leta,beEBanda=>b (D)
Claim: ab + ab = 0

Nowab+ab=a-b+ab
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=0+0 (sincea-a=0)

Conversely, assume ab + ab = 0
=S>a+ab+ab=a (Left Cancellation law)
=a+ab=a (Absorption law)
=>(a+a)-(a+b)=a (Distributive law)
=>1-(a+b)=a (a+a=1)
=>(a+b)=a (a-1=a)

Consider ab + ab =0

=ab+ab+b=>b (Right Cancellation law)

=ab+b=b (Absorption law)

= (a+b)-(b+b)=b (Distributive law)

=>(a+b)-1=a (b+b=1)
= (a+b)=b (b-1=bh)

From (a) and (b)) wegeta =a+b =0»>b
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Hencea = b

5. If a and b are two elements of a Boolean algebra, then prove that

a+(a-b)=aa-(a+b)=a

Proof:

Considera+ (a-b) =a=a-1+ (a-b)

=a-(1+b)

[a+1=114+a=1]

Considera-(a+b)=a=a-a+ (a-b)

=a+ (a-b)

=a-1+a-b

=a-(1+Db)

[a-a=a,a-0=0]

Hence the proof.

6. Prove that in a Boolean algebra, the complement of any element is unique.
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Proof:

Let b and c be the complements of the element a.
Thenb+a=1, b-a=0
a+c=1 a-c=0
Considerb = 1-b
=(a+c) b
=a-b+c-b
=04+c:-b
=a-c+c-b
=c-(a+Db)

=1-c

Hence the complement is unique.

7. In a Boolean algebra show that the following statements are equivalent. For

anyaandb ()a+b=hb(i)a-b=aliila+b=1(@{v)a-b'=0(\)a<h

Proof:
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To prove (i) = (ii)

Assumethata +b = b

To provethata:-b = a

Nowa =a- (a+b)

Hence (i) = (ii)

To prove (ii) = (iii)

Assumethata-b = a

To provethata' + b =1

Nowa +b=(a-b")+b

=a +b' +b

=a +1

=1

Hence (ii) = (iii)

To prove (iii) = (iv)

Assume thata' + b =1
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To provethata-b' =0

Taking complement on both sides

= (@ +b) =1

>a-b'=0

Hence (iii) = (iv)

To prove (iv) = (v)

Assume thata - b’ =0

To provethata < b

Thena-b=a-b+0

=a-b+a-b’

=a(b+b")

Hence (iv) = (v)

To prove (v) = (i)

Assume thata < b
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Toprovethata+ b =b

Wehavea-b=b»

>a+b=(a-b)+b

=a-b+1-b

=(a+1):b

Hence the proof.

8. Prove that in a Boolean algebra

(a+b) - (a+c)=ac+a'b=ac+a'b+ bc

Proof:

Now, (a+b)-(a'"+c)=(a+b)-a"+(a+b): c

=a -(a+b)+(a+b)-c

=aa +a'b+ ac+ bc

=0+4+a'b+ac+ bc

=a'b+ ac + bc
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=ac(b+b')+ab(c+c')+bcla+a’)

abc +ab'c +a'bc+ a'bc’ + abc + a’'bc

abc +ab'c +a'bc+ a'bc’

abc + ab’'c+ a'b(c+ )

ac(b+b")+a'b(c+c")

=ac(1)+a'b(1)

=ac+a'b

= RHS

9. Show that in a Boolean algebra the law of the double complement holds.

(or) Prove the involution law (a’)’ = a

Solution:

It is enough to prove that a’'+a=1anda-a" =0
By domination laws of Boolean algebra, we get
a+a=1anda-a" =0

By commutative law, we geta’+a=1anda-a' =0

Therefore complement of a’ is a
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Hence the proof.
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